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Chapter 1 

Introduction 



The standard model is a successful theory describing the high energy physics. The remark- 
able agreement of theory and experiment gives us confidence that it is the correct description 
of strong, weak and electric interactions of elementary particles. However there are several 
serious problems, such as the gauge hierarchy problem and the inability to include the gen- 
eral relativity. These facts suggest that the standard model is not final theory but rather 
an effective theory describing the electroweak energy scale region. 

Supersymmetry has become the dominant framework of formulating physics beyond the 
standard model. Supersymmetric extension of the standard model can solve some problems. 
Since supersymmetry requires that each scalar field have fermionic partner of the same mass, 
the quadratic divergences of the scalar mass terms automatically vanish. Also three gauge 
coupling constants modify to meet accurately at very high energy. But supersymmetry is not 
observed in nature, so it must be broken at low energy scale. If a supersymmetry is broken 
spontaneously, a massless fermion called Nambu-Goldstone fermion appears. Thus, global 
supersymmetry should not be broken spontaneously. Though, in the local supersymmetry, 
the Nambu-Goldstone fermion is absorbed by gravitino through the super-Higgs mechanism. 
This motivates to study supergravity as a candidate beyond the standard model. 

The fact that extended {M > 1) supersymmetric theories cannot have the chiral struc- 
ture of the standard model make it difficult to deal with phenomenologically. But many the- 
orists have been researched extended supersymmetric theories using their rich geometrical 
structures. In M = 2 supersymmetric Yang-Mills theory, by using its symplectic structure, 
Seiberg and Witten have showed that the prepotential function can be determined exactly 
including the non-perturbative effects 12| . Similarly, M = 2 supergravity has symplectic 
structure. The most general form of Lagrangian coupled to an arbitrary number of vector 
multiplets and hypermultiplets in presence of a general gauging of the isometries of both 
vector and hypermultiplet scalar manifolds has been obtained by 1^. This construc- 
tion uses a coordinate independent and manifestly symplectic covariant formalism which in 
particular does not require the use of a prepotential function. 

Partial supersymmetry breaking plays an important role of relating the extended super- 
symmetric field theories with the phenomenological models. It has been shown that, in U{1) 
gauged global N = 2 supersymmetric theory with electric and magnetic Fayet-Iliopoulos 
term, the N = 2 supersymmetry is broken to = 1 |51 IZ| • It has been generalized to 
the case of U{N) gauged theory by [HI El El- In = 2 supergravity, partial supersym- 
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metry breaking have been accomplished by simultaneous realization of the Higgs and the 
super-Higgs mechanisms ^2 El El El El El El EH • But it is notable that these results 
have been obtained in the microscopic theories. Also, it is known that N = 2 supergravity 
relates to AA = 2 global super symmetric theory |131 119j . In this thesis, we will see that in 
U (N) gauged M = 2 supergravity as low energy effective theory the half of supersymmetry 
is broken to = 1 counterpart spontaneously [20j. 

The Organization of This Thesis 

The first half of this thesis (chapter 2 ~ chapter 4) is review of the general matter coupled 
N = 2 supergravity in four dimensions. On the other hand, in the latter half of this thesis 
(chapter 5 and chapter 6), we deal with the partial supersymmetry breaking. 

In chapter 2, we define special Kahler manifolds and quaternionic Kahler manifolds. 
These manifolds describe scalar sector of vector multiplet and hypermultiplet respectively. 

In chapter 3, we review the gauging procedure of special and quaternionic Kahler mani- 
folds. Notion of momentum map which is introduced in section 3.1 plays an important role 
for the gauging. 

Finally, the general matter coupled Lagrangian is given in chapter 4. It is consistent 
with the Bianchi identities which are obtained in appendix B. Also, the supersymmetry 
transformation laws of all the fields are introduced at the end of this chapter. 

In chapter 5, we review the simplest M = 2 model where the M = 2 supersymmetry is 
broken to AA = 1 ^2]- This model has U{1) gauged vector multiplet and a hypermultiplet. If 
we choose symplectic section such as no prepotential exists, partial supersymmetry breaking 
occurs. It is accomplished by simultaneous realization of the Higgs and the super-Higgs 
mechanisms. We, also, see that the mass spectrum. In this model, the symplectic section 
has chosen to be the simplest function. Therefore, this model is microscopic theory such 
that higher order coupling terms of the scalar fields are not exist. 

Chapter 6 is the main part of this thesis. We extend the model in the chapter 5 to 
U{N) gauged model. We give J\f = 2 supergravity model coupled to a U{N) gauged 
vector multiplet and a hypermultiplet. In particular, we do not choose the symplectic 
section as the simplest function. It leads to the effective theory which contains higher order 
coupling terms of the scalar fields. We observe that the N = 2 supersymmetry is broken 
to AA = 1 spontaneously. Furthermore, by redefining the fluctuations of the scalar fields 
from the vacuum expectation value as new N = 1 scalar fields, we can write down M = 1 
supergravity model in terms of the superpotentials. 

Field Contents 

Before going to the next chapter, we present, here, the field contents of AA = 2 supergravity. 
The general matter coupled N = 2 supergravity contains a gravitational multiplet, m vector 
multiplets and k hypermultiplets. All the component fields of these multiplets are massless 
and describe as follows: 

• a gravitational multiplet 

This multiplet is described by the vierbein (i,// = 0,1,2,3), two gravitini t/;^ 
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{A = 1,2) and the graviphoton A^. (The upper and lower position of the index A 
represent left and right chirality, respectively.) 

• m vector multiplets 

Each vector multiplet contain a gauge boson (a = 1, . . . , m), two gaugino A**"^ and 
a complex scalar z". (The chirality notation is opposite to that of gravitinos, that is, 
the upper and lower position denote right and left chirality, respectively.) 

• k hypermultiplets 

Each multiplet contain two hyperini (a = 1, . . . ,2 A;) and four real scalar 6" {u = 
1,...,4A;). (The upper and lower position of the index a represent left and right 
chirality, respectively.) 

The chirality notations are explained in detail in the appendix A. 
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Chapter 2 

Special and quaternionic Kahler 
manifolds 

The vector multiplets and the hypermultiplets contain the different kinds of the scalar 
fields and they are governed by the different kinds of geometries. The scalar field sector 
of vector multiplets is described by special Kahler manifold SM, while the scalar sector of 
hypermultiplets is described by quaternionic Kahler manifold TiM. Special Kahler manifold 
is Hodge-Kahler manifold which has the particular bundle structure. Therefore, in section 
2.1, we define a Hodge-Kahler manifold. The definition of the special Kahler manifold is 
given in section 2.2. This definition is independent of whether prepotential exists or not. We 
also give a different definition of the special Kahler manifold which depend on the existence 
of the prepotential. On the other hand, quaternionic Kahler geometry is defined in section 
2.3. 

There are many works on special and quaternionic Kahler geometries. Special Kahler 
geometry based on the special coordinates was introduced in [2I[ 1221 EB] • The definition of 
the special Kahler geometry in terms of the symplectic bundles is in [23 123 IHl 1211 HI I2Z1 12H1 
l2nilSni- On the other hand, the geometric interpretation of the coupling of hypermultiplets 
was introduced in [HJ and [221 IBHl 01 B] • Here we use the notations of . 

2.1 Hodge-Kahler manifolds 
Kahler manifolds 

First of all, let us see the notations of Kahler manifold. A Kahler manifold is defined as 
follows. Consider a complex manifold M equipped hermitian metric g. A Kahler manifold 
is a Hermitian manifold M whose Kahler 2-form K is closed: dK = 0. In this case, the 
metric g is called Kahler metric of ^A. The Kahler 2-form can be written in terms of the 
Kahler metric as, 

K = ^gab'dz'' ^dz''\ (2.1.1) 

where a = 1, . . . , n, and n is complex dimension of the Kahler manifold. The Kahler metric 
is locally given by 

gab* =dadb*lC{z,z), (2.1.2) 
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where K, is real function and is called the Kahler potential. It is defined up to holomorphic 
function /(z), that is, the Kahler metric is invariant under the Kahler transformation: 

/C^/C + /(z) + /(z). (2.1.3) 

The only non- vanishing components of the Levi-Civita connection is F^^ and T^,^, . With 
these components, for example, the covariant derivatives of vector Va are 

= da*Vi,. (2.1.4) 

We require the metric compatibility which can be written, in components, as 

Va9bc' = 0, (2.1.5) 

which leads to the following relations: 

r^.V = -9"'''dc'gb*c- (2.1.6) 
Furthermore, the non-vanishing components of curvature 2-form are written as 

-^V = R\-, dz'^ A dz'^ , i?'^^,^^, = 9cF^,^, . (2.1.7) 
Hodge-Kahler manifolds 

Let us consider a line bundle C A4 over a Kahler manifold. This is the holomorphic 
vector bundle whose fibre is and its structure group is subgroup of GL(1,C). Thus, the 
Chern class is written as, 

c{C) = 1 + (2-1-8) 

where F is the field strength of the GL(1,C) connection. Since Cj = for j > 1, the only 
available Chern class is ci: 

ci(£) = = ^86 = ^d{h-'dh) = -^99 log /i, (2.1.9) 
zvr zvr zvr Ztt 

where h{z, z) and 6 are the hermitian metric and the canonical hermitian connection on C 
respectively. In ()2. 1.9(1 . we have used the relation between h{z,z) and 9: 

e = h-^dh = h-^dahdz", 

e = h-^dh = h-^da*hdz''' . (2.1.10) 

Let /(z) be a holomorphic section of £. The norm of f(z) is given as 1 1/(2;)|| = h{z, z)f{z)f{z). 
Since under the action of the operator dd the term log(/(z)/(z)) yields a vanishing contri- 
bution, we can rewrite (|2.1.9|) as 

ci{C) = ^BdlogW f{z) (2.1.11) 
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Definition 2.1. A Kahler manifold is a Hodge-Kahler manifold A^Hodgc if there exists 
a line bundle C M. whose first Chern class is equivalent to the cohomology class of the 
Kahler 2-form K, 

ci(£) = [K]. (2.1.12) 
Eq. H2.2.2|) implies that there is a holomorphic section W{z) such that: 

K = ^gab*dz'' Adz''* 

= ^BdlogW W{z)f 

ZTT 

= ^dadb*log\\W{z) fdz'' Adz''* . (2.1.13) 

ZTT 

It follows from H2.1.13() that if the manifold M is a Hodge-Kahler manifold, then the ex- 
ponential of the Kahler potential can be interpreted as the metric on a line bundle C: 

h{z,z) =exp{IC{z,z)). (2.1.14) 
By substituting (|2.1.14|1 into 1)2. 1.101) . we obtain 

e = die = dalCdz" , 

e = die = da^lCdz"* . (2.1.15) 
In the N = 1 supergravity, ci (/C) = [K] and this restricts 7W to be a Hodge-Kahler manifold. 



Principal U (1) bundle 

It is known that there exists a correspondence between line bundles and principal U{1) 
bundles. Thus, the covariant derivatives with respect to the canonical connection of the 
line bundle are related to those of the U{\) bundle. We can express this correspondence, in 
terms of the canonical connection, as 

Q = lme = - ^-{e -6), (2.1.16) 

where Q is the canonical connection on U{1) bundle U ^ Ai. If we apply the above formula 
to the case of the U{1) bundle lA ^ M associated with Hodge-Kahler manifold, that is, the 
line bundle C whose first Chern class equals the Kahler 2-form, we get 

Q = -\ - da'lCdz''*) . (2.1.17) 

Let us consider a principal U{\Y bundle. Let <I>(z,z) be a section oiU^. Its covariant 
derivative is 

V^ = {d + ipQ)^, (2.1.18) 
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or, in components, 

Va*$ = ida*-^pda*JC)^. (2.1.19) 

A covariantly holomorphic section oiU is defined by the equation: Va*$ = 0. We can easily 
map each section $(z, z) of into a section $ of the hne bundle C by setting, 

4> = e-P'^/^^ (2.1.20) 

Under the map covariantly holomorphic sections of U flow into holomorphic section of £ 
and viceversa, that is, 

a„*$ = e"P'^/V„.$ (2.1.21) 
2.2 Special Kahler manifolds 

The scalar field sector of vector multiplets in A/" = 2 supergravity is described by special 

Kahler geometry of local type. Suppose that there are m vector multiplets, so there exist 
m complex scalar fields z'^, a = 1, . . . ,m. It is known that these scalar fields span a special 
Kahler manifold SAi. The number of the complex scalar fields, m, corresponds to the 
complex dimension of the special Kahler manifold. 

Here we only give definition of the special Kahler manifold. Thus, there is no guarantee 
that the vector multiplct scalar sector of = 2 supergravity is described by the special 
Kahler geometry. However, in the appendix B, we will confirm that it is true. 

2.2.1 Definitions 

We consider, in addition to the line bundle C which has been introduced in the Hodge- 
Kahler manifold, the bundle SV as follows: SV — *■ SM denotes a holomorphic flat vector 
bundle with structure group Sp{2m + 2, R). Consider tensor bundle of the type Ti. = SV<SijC 
A holomorphic section Q of such a bundle will have the following structure, 

^{z)=(^ Fsl^j )' A>S = 0,l,...,m. (2.2.1) 

Definition 2.2. A special Kahler manifold SM of the local type is an m-dimensional Hodge- 
Kahler manifold Hodge if there exists a bundle 7i with the following properties. 

1. For some holomorphic section Q, the Kahler 2-form is given by 

K = -^dd\og{i{n\n)). (2.2.2) 
27r 

2. On overlaps of charts i and j, the symplectic section U are connected by transition 
functions of the following form 

with fij holomorphic and Mij G Sp{2m + 2,M) , 
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3. The transition functions satisfy the following cocycle conditions on overlap regions of 
three charts: 

g fij fj k fk i —— 

MiJM^kMk^ = 1. (2.2.4) 

Eq. ()2.2.2I) implies that we have a local expression for the Kahler potential in terms of the 
holomorphic section 17: 

IC = -log{i{n\n)) = -log[i{X^FA - FaX^)]. (2.2.5) 

We introduce a non-holomorphic section V of the bundle 7i according to, 

so that ()2.2.5|) becomes 

1 = i{V\V) = i{L^MA - MaL^)- (2.2.7) 

It can be seen as the section on the associated U{1) bundle (|2.1.18|) . Therefore, by using 
(|2.1.19|) . its covariant derivatives are written as, 

Ua = ^aV = {da + ^S./C^ V = ^ , (2.2.8) 

Ua* = V„.F = (da* - \da*K)j F = 0, (2.2.9) 

tJa* = V„.y = {da* + ]^da*K)j V = {^ jj^^ ^ ^ , (2.2.10) 

where tJa* has been defined to be complex conjugate of Ua- At this stage, we can derive 
the following equations 

{V\Ua) = {V\Ua*) = {V\Ua*) = 0, (2.2.11) 

9ab* = -i{Ua\Ub*), (2.2.12) 
V[aUb] = 0, (2.2.13) 

where Va denotes the covariant derivative containing both the canonical connection 9 on 
the line bundle C and the Levi-Civita connection: 

VaUb = daUb + ^da}CUb + rl^Uc. (2.2.14) 

Defining 

Cabc = i^aUbpc), (2.2.15) 

we can see that it is completely symmetric in its indices. With this, ()2.2.14l) can be written 
as, 

VaUt = iCabc9''''Ud*. (2.2.16) 
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Lemma 2.1. The completely symmetric tensor Cabc is covariantly holomorphic, namely, 

Vd*Cabc = Q. (2.2.17) 



Proof. First of all, we have to observe that Ua satisfies the following condition: 

= -iCabcg"'\tJdAV) 

= 0, (2.2.18) 

where we have used (|2.2.11|) and (|2. 2.16)1 . We can also evaluate the covariant derivatives, 
VaS^b*Uc and Vb*VaUc, as follows: 

V„Vb.[/e = da{Vb*U,) + ^da}C{VbMc)+rt{Vb*Ud) 
Vb'^aUc = dk^{VaU,)-^dt*IC{VaUc) 

= dadb* Uc + ^gab* Uc - ^db* daUc + ^9aVfe* [/, + T^Vb* Ud + {dtrt)Ud, 

which lead to 

[VaVfo, - Vb.VjC/, = -gab*Uc - {d;rt)Ud. (2.2.19) 
Thus, using ()2.2.18() . we derive 

Vd*Cabc = {yd^VaUb\Uc) + {VaUb\Vd*Uc) 

= {{yaVd'Ub\U,)+iCabeg'^*gcd'{UMV) 

= 0, (2.2.20) 

in the last equality, we have used VaV^* Ub = V a{gbd* V) = gbd* Ua- Therefore, the lemma 2.1 
has been proved. 

We have to introduce one more important quantity, the generalized gauge coupling 
matrix J\f which will appear in the Lagrangian of the N = 2 supergravity ^. It is introduced 
by the following relations. 

Ma = AAasZ^, /iA|a = AAAE/i', (2.2.21) 
which can be solved constructing the two {N + 1) x (A^ + 1) matrices 

/A =(/(), V=(^*). (2.2.22) 



^We will see it in the chapter 4. 



11 



and setting: 

Ma^ = h^\i o (2.2.23) 
From the previous formulae it is easy to derive a set of useful relations: 

(ImAAAs)L^Z^ = (2.2.24) 

f/^^ = = -^(ImAA)-^l^^-L^L^ (2.2.25) 
Cabc = f^d^A^f^ = iJ^-M)A^ f^dbf^, (2.2.26) 

2.2.2 The holomorphic prepotential 

So far we have not mentioned about the holomorphic prepotential F{X). Indeed, when the 
definition of special Kahler manifolds is given in intrinsic terms, as we did in the previous 
section, the holomorphic prepotential F can be dispense of. Actually, it appears that some 
physically interesting cases (for example, partial supersymmetry breaking) are precisely 
instances where F(X) does not exist. 

However, we give the definition of special Kahler manifold, which depends on the exis- 
tence of the prepotential here. 



Definition 2.3. A special Kahler manifold is an m-dimensional Hodge-Kahler manifold with 
the following properties. 



1. 



On every chart there exist complex projective coordinate functions X^{z), where 
A = 0, . . . , m and a holomorphic function (prepotential) F{X^) which is homogeneous 
of second degree, such that the Kahler potential is 



log i 



X' 



d 
dX^ 



F{X) - X^ 



d 
dX^ 



Fix) 



(2.2.27) 



2. On overlaps of charts i and j, the symplectic vector il. which is constructed from X 
and F in property 1 are connected by transition functions of the following form 

with fij holomorphic and Mjj G Sp{2m + 2, M) , 

3. The transition functions satisfy the cocycle conditions ()2.2.4|) on overlap regions of 
three charts. 

This definition of a special Kahler manifold clearly depends on the existence of the prepo- 
tential F(X). In reference of j2Zl) it has been proved that these definitions are equivalent 
each other. 
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2.3 Quaternionic Kahler manifolds 

Let us turn to the hypermultiplet sector. There are 4 real scalar fields for each hypermul- 
tiplet and, at least locally, they can be regarded as 4 components of a quaternion. These 
scalar fields span a quaternionic manifold 7iM. If we have k hypermultiplets, the manifold 
TiM has dimension Ak. 

Let us consider a 4A;-dimensional real manifold with a metric h: 

ds^ = huv{b)dV' ® dV ; -u, t; = 1, . . . , 4m, (2.3.1) 

and three complex structures that satisfy the quaternionic algebra 

rjy = -s'^yi + e^•^'V^ (2.3.2) 

and respect to which the metric is hermitian: for any tangent vector X,Y on 7iM, 

h{rx, jyy) = h{x, y). (2.3.3) 

From ()2.3.3() . it follows that one can introduce a triplet of 2-forms 

KZ, = hUr)v (2.3.4) 

The triplet of 2-forms, K^, is named the hyperKahler form. It provides the generalization of 
the Kahler form introduced in the complex case. It is an SU{2) Lie-algebra valued 2-form in 
the same way as the Kahler form is a U{1) Lie-algebra valued 2-form. In the complex case, 
the definition of Kahler manifold involves the statement that the Kahler 2-form is closed 
and, in Hodge-Kahler manifold, the Kahler 2-form can be identified with the curvature of 
a line bundle. Similar steps can be taken also here which lead to quaternionic manifolds. 

Consider a principal SU{2) bundle SU — > TCA4 that play for hypermultiplets the same 
role played by the line bundle C SAi in the case of vector multiplets. Let uj^ denote 
a connection on such a bundle. To obtain a quaternionic manifold we must impose the 
condition that the hyperKahler 2-form is covariantly closed with respect to the connection 

Vi^^ = dK'^ + e'^y^ioy AK' = 0. (2.3.5) 
Furthermore, we define the SU curvature by 

= da;^ + ^e'^y'ojy A uj'. (2.3.6) 

Definition 2.4- A quaternionic manifold TCM is a 4m-dimensional manifold with the struc- 
ture described above and such that the curvature of the SU bundle is proportional to the 
HyperKahler 2-form as 

f]^ = XK"". (2.3.7) 
where A is a non- vanishing real number. 
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Holonomy 

As a consequence of the above structure, the holonomy group of the manifold TCM is a 
subgroup of Sp{2) x Sp{2k,E.). If we introduce flat indices A, B = 1,2; a, (3 = 1, ... ,2k 
that run in the fundamental representations of SU{2) and Sp{2k,'R) respectively, we can 
find vielbein 1-form 

U^'^ =U^''db'', (2.3.8) 

such that 

K,=U^''U^fC^0eAB, (2.3.9) 

where C^/j = — C/3q and cab = —^SA are, respectively, the flat Sp{2m) and Sp{2) ~ SU{2) 
invariant metrics ^. 

The vielbein U^"' is covariantly closed with respect to the SU (2) connection and to 
some Sp{2k,'M.) Lie algebra valued connection = A^": 

VW^" = dU^"" + ^uj^iea^e-Ys A K^"" + A"^ A U^^Cfs^ = 0, (2.3.10) 

where {(7^)^ the standard Pauli matrices ^ and Sp{2k, M) Lie algebra valued connection 
A"^ satisfies: 

A/ ^ A^^C^„, 

A"^ = C/3^A"T. (2.3.11) 

Furthermore, lA^'^ satisfies the reality condition: 

Uao. = {U^T = eAsCaf^U'"'. (2.3.12) 

Ea. ()2.3.12() defines the rule to lower the symplectic indices by means of the fiat symplectic 
metrics cab and Cq,^. More specifically we can write a stronger version of (|2.3.9|) |31j : 

{U^''U:f^+U,^''U:^^)C^p = K,e^^, (2.3.13) 

(JA^'^U^^ +U^^U^^)eAB = K.-C^P. (2.3.14) 

m 

We have also the inverse vierbein hl\^ defined by the following equation: 

UIJA^'^ = 6^, (2.3.15) 
Flatting a pair of indices of the Riemann tensor TZ'^^^g we obtain 

7^-,,^^^^^,^^ = -'-c^^rJ^^^c^p + r^^^^, (2.3.16) 

^Notations are fixed in the appendix A 
t^Also, see appendix A 
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where RJI^^^ and are the curvature of the SU{2) connection and the Sp{2m) connection 



A\uv 

respectively: 



\ B 



^ Kvic^.)A, (2.3.17) 
= dA"'^ + A"^ A A-^^C^^. (2.3.18) 



Eg. (|2. 3. 16(1 is the expUcit statement that the Levi-Civita connection associated with the 
metric h has a holonomy group contained in SU{2) Sp{2m). 

Let us consider (|2.3.2|) . 1)2. 3. 4|) and (|2.3.7() . so we easily obtain the following relation: 

h^'K^Kl = + e-y^Kl^. (2.3.19) 

By using ()2.3.7() . H2.3.19() can be rewritten as follows: 

h^'K^nl^ = -XH^yK^ + Xe^y^^l^. (2.3.20) 
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Chapter 3 

The gauging 



In this chapter, we discuss the gauging procedure. The gauge group is identified with a 
subgroup of isometries of the product manifold SAi x TiM. The isometries are generated 
by Kilhng vectors. Also, the Killing vectors are written by the Killing potential which 
is, in geometrical point of view, identical with the momentum map providing the Poisson 
realization of Lie algebra on the manifold. 

Firstly, we review about the Killing vectors and the Killing potential. We also see 
the notion of the momentum map. Furthermore, the construction of the momentum map 
on special Kahler manifolds or quaternionic Kahler manifolds is considered respectively. 
Finally, we gauge all the connections which have been given in the last chapter. These are 
based on the works of [SSI 01 HI ■ 

3.1 The momentum map 
3.1.1 The Kilhng vectors 

Consider a Kahler manifold M of complex dimension m. A vector field X is said a Killing 
vector field if an infinitesimal displacement eX generates an isometry, that is, under the 
displacement the Kahler metric is invariant: 

{Cxg)^.u = 0, (3.1.1) 

where Cx is the Lie derivative along the vector field X. Let /c^ (a = 1 . . . m) be a component 
of holomorphic Killing vectors, that is, 

X = a^kA, 

fcA = kl^a+kl'^, (3.1.2) 

where is a basis of the Killing vectors. The above statement can be rewritten such that, 
under the infinitesimal holomorphic coordinate transformations 

dz" = e^kliz), (3.1.3) 

the Kahler metric is invariant. 
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Eg. p.l.ll) implies the following Killing equations: 

Va./CfeA + Vfcfc^.A = 0, (3.1.4) 

where we have defined as kb = gba*k"' , ka* = Qa'hk^ ■ Holomorphicity of the Killing vectors 
means the following differential constraints: 

db*ki{z) = 0, 

di,kf{z) = 0. (3.1.5) 

Let us consider a compact Lie group G acting on M by means of Killing vector fields 
X. From ()3.1.1|) . we obtain for the Kahler 2-form, 

= CxK = ixdK + d{ixK) = d{ixK), (3.1.6) 

where ix denotes the contraction with X. In the third equality, we have used the fact that 
the Kahler 2-form is closed. In general, if M is simply connected, first de Rham cohomology 
group is trivial ^. Thus, the closed one form is also exact. In this case, the one form ixK 
is exact, then we can write 

-^dVx=ixK, (3.1.7) 

ZTT 

where a function Vx is defined up to a constant. If we expand X = a^k\ in a basis of 
Killing vectors k\, we can also expand Vx as, 

Vx = a^VA. (3.1.8) 



Using this basis, we can rewrite (|3.1.7() in components 

"A 



kl = ig'^^'dt^VA, 



kf = -ig^'^dbVA. (3.1.9) 

The function Va is called Killing potential. 

Indeed the Killing vectors which are written as ()3. 1.9(1 satisfy the Killing equations 
(|3.1.4I) The first equation of (|3.1.4() is automatically satisfied, because 

Vakb = dah + Kbkc 

= (daQbd* + Kb9cd' + rfrf, gbc* )k'^* 

= {Vagbd*)k'^* 

= 0. (3.1.10) 
where we have used V^^, = 0. Also, since (|3.1.9|) implies 

Va*A;bA = -ida'dbVA, 

Ybka^A = idbda^VA, (3.1.11) 

^see, for example, chapter 6 of [21] 
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thus the second equation of H3.1.4|) is satisfied. In other words if we can find a function "Pa 
such that the expression ig"^ 9b* "Pa is holomorphic, then H3.1.9|) defines a Kilhng vector. 

If we substitute gab* = dadb*IC into (|3.1.9|1 . we obtain an expression for the Kilhng 
potential in terms of the Kahler potential, 

i'PA = ^(^A^a/C - kfda'JC) = fc^S./C = -A:f c>a*/C. (3.1.12) 

Eq. 1.12(1 is true if the Kahler potential is exactly invariant under the transformations 
of the isometry group G and not only up to a Kahler transformation as defined in (j2.1.3|) . 
In other words (|3.1.12|) is true if 

= £jy}C = kldalC + kfda*JC. (3.1.13) 

Note that not all the isometrics of a general Kahler manifold have such a property. 



3.1.2 The momentum map 

The construction of the Killing potential can be stated in a more precise geometrical formu- 
lation which involves the notion of momentum map. Let us review this construction which 
reveals another deep connection between supersymmetry and geometry. 
Let us firstly prove the following relation: 

X{Vy)=V[x,y]- (3-1-14) 
We refer to this as equivariance relation. 
Proof. Since the Kahler 2-form is closed, we get 

= dK{X,Y,Z) = X{KiY,Z)) -Y{KiX,Z)) + Z{KiX,Y)) 

= -K{[X,Y],Z) + K{[X,Z],Y)-K{[Y,Z],X). (3.1.15) 

On the other hand, using (j3.1.6|) . we obtain 

= d{ixKKY,Z) = Y{K{X,Z)) - Z{K{X,Y)) - K{X,[Y,Z]), (3.1.16) 
= d{iYK)iX,Z) = XiK{Y,Z)) - Z{K{Y,X)) - K{Y,[X,Z]). (3.1.17) 

The above three equations imply 

Z{K{Y,X))=K{[X,Y],Z), (3.1.18) 

which leads to: 

d o ix ° iyiK) = i^x,Y]-^^ (3.1.19) 

where we have used that for any function /, X{f) = ix{df )- However, the left hand side of 
(|3.1.19|) can be rewritten as 

-2Tid{ix o iY{K)) = d{ix{dVY)) = d{X{VY)), (3.1.20) 



18 



in the first equality we have used ()3.1.7|) . Therefore, we have proved (|3.1.14|) up to constant. 



Suppose that we expand X in a basis /ca such that 

[kA,k^] = fA^kr. (3.1.21) 

In the following we will use the shorthand notation C\ , i\ for the Lie derivative and the con- 
traction along the chosen basis of Killing vectors . The left hand side of the equivariance 
relation (|3.1.14jl can be represented in terms of the Killing vectors as follows, 

XiVy) = aH^ia^r^) = ia^"" gab* {klk'^ - k^kf), (3.1.22) 

where we have used (|3.1.9|) . On the other hand, the right hand side of (|3. 1.14)1 is written 
as 

V[x,Y] = a\^UiVr. (3.1.23) 
Therefore, the equivariance relation implies 

igab'iklk'^ - kl^kf) = U^Vr- (3.1.24) 

Momentum map 

There is another way of stating the equivariance relation. It is based on the notion of the 
momentum map. A momentum map is constituted by Vx- This can be regarded as a map, 

V : M^R(E)Q*, (3.1.25) 

where q* denotes the dual of the Lie algebra q of the Lie group G. Indeed let g £ q be the 
Lie algebra element corresponding to the Killing vector X; then, for a given p £ Ai, 

fi{m) : g^Vx{p) (3.1.26) 

is a linear functional on M. 

The momentum map is the Hamiltonian function providing the Poissonian realization 
of the Lie algebra on the Kahler manifold. Indeed the very existence of the closed Kahler 
2-form K guarantees that every Kahler space is a symplectic manifold and that we can 
define a Poisson bracket. 

Consider (|3.1.9)) . To every generator of the abstract Lie algebra g we have associated a 
function V\ on ^A. The Poisson bracket of Va with Vy. is defined as follows, 

{7^A,7^s} = 47ri^(A,S), (3.1.27) 

where K{A., S) = K{k\, k-^) is the value of K along the pair of Killing vectors. 

Lemma 3.1. The following identity is true, 

{Va,Vt.] = fA^Vr + Cas, (3.1.28) 
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where Cae is a constant tensor satisfying the cocycle condition 



(3.1.29) 



Proof. Using ()3.1.7|) . we have 

47rK(A, S) = -47rK(S, A) = Im^iAK = -l-Ki^ij^K = -ij^dVA = udPs 
= ^{iAdVj] - iT.dVA) 

= \{CaVji- CtPa). (3.1.30) 
Since the exterior derivative commutes with the Lie derivative, [d, Ca\ = 0, we find 

47r(iir(A,S) = ]^{CAdV^- C^dVA) 

= -T^{C-AijiK - Cj^iaK) 

= -2vri[A,E]^ 

= fA^dVr, (3.1.31) 

in the third equahty, we have used [zaj^s]-?^ = *[a,s]-^ ^i^d -^A^ = 0. Using (|3.1.27jl . we 
obtain 

4{^A,^E}-/AE^r) = 0, (3.1.32) 

which proves ()3.1.28() . The cocycle condition H3.1.29|l follows from the Jacobi identities 
satisfied bv (l;il.2'7l) . 

If the Lie algebra g has a trivial second cohomology group H^id) = 0, then the cocycle 
Cas is a coboundary, namely Cae = /as and are suitable constants. Therefore, if 
we assume H^{q) = 0, we can absorb Ca in the definition of Va- 

Va^Va + Ca, (3.1.33) 

and we obtain the stronger equation 

{rA,Vj:} = h^Vr. (3.1.34) 

Note that H^id) = is true for all semi-simple Lie algebras. Using 1)3. 1.271) . 1)3.1.341) can 
be rewritten in components as follows, 

'^gab'iklk'^ - k^kf) = \fl^Vv. (3.1.35) 
This equation is identical with the equivariance relation H3.1.24|) . 
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The momentum map on special Kahler manifolds 



We consider the momentum map on special Kahler manifolds. In order to distinguish 
the holomorphic momentum map from the triholomorphic one which is defined on 
quaternionic Kahler manifolds in next subsection, we adopt the notation V^. The Lie 
derivative of the covariantly holomorphic section V defined in ()2.2.7() is 



UV = kldaV + ktda*V = TaV + VU{z), (3.1.36) 

where 

Ta = f Sp{2n + 2,M) (3.1.37) 



is some element of the real symplectic Lie algebra and /a(-z) corresponds to an infinitesimal 
Kahler transformation. 

As we see in the next chapter, the Lagrangian of gauged N = 2 supergravity is not 
necessarily invariant under the Kahler transformation (|2.1.3jl . In order for the Lagrangian 
to be invariant, we should impose the following restriction: 

/a(z) = 0. (3.1.38) 

Under the above restriction, recalling H2.2.5() and (|2.2.6|) . for the sections V and Vt we have, 

CkV = {kldaJC + kfda'JC)V + e'^/^CA^ 

= TAe'^/^n, 

CaQ = Ta^. (3.1.39) 

Thus, we obtain 

CaK: = kldaJC + kfda*}C = (3.1.40) 

that is identical with ()3.1.13() . Therefore, as discussed in the last subsection, the following 
equation is true 

i'Pl = kldaJC = -kfda^K. (3.1.41) 
Utilizing the definition in 1)2. 2. 8|) we easily obtain, 

klUa = TAV + iVlV. (3.1.42) 

Taking the symplectic scalar product of H3.1.42() with V and recalling (|2.2.7() we finally get: 

Vl = {V\TaV) = {V\TaV) 

= e'^{Q.\TA^). (3.1.43) 

In the gauging procedure, we are interested in the symplectic image of whose generators is 
block-diagonal and coincides with adjoint representation in each block. Namely, 

TK=i^\^ % V (3.1.44) 



V -/aa / 
Then ()3.1.43() becomes 

Vl = {FAf\j:X^ + FaI^^X^) • (3.1.45) 
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3.1.3 The triholomorphic momentum map 

Let us turn to a discussion of isometries of the quaternionic manifold Ti.A4 associated with 
hypermultiplets. The triholomorphicity of the momentum map (x = 1,2,3) comes from 
the quaternionic algebra ()2.3.2() of TCM . We must assume that on TCM we have an action by 
triholomorphic isometries of the same Lie group G that acts on the special Kahler manifold 
SM. This is means that on product manifold SA4 ® TiAi we have Killing vectors 

^A = ^A^ + ^A9^ + ^X^ (3.L46) 
which generate the transformation keeping invariant the metric, 

and satisfy the same Lie algebra as the corresponding Killing vectors on special Kahler 
manifolds SAi: 

[^A,M=/As^r. (3.1.48) 

In the previous section, we have obtained the Kahler 2-form is invariant under the action 
of Lie derivative. Similarly, the Killing vector fields leave the hyperKahler form invariant. 
The only difference is the freedom to do the SU{2) rotations in the SU (2) bundle SU, that 
is, 

Ct^Lo'^ = VWl, (3.1.49) 

where is an SU{2) compensator associated with the Killing vector k\. This can be 
rewritten, by using the identification between hyperKahler forms and SU{2) curvatures 
JZSH), as 

£^0^ = e'^y^nywi. (3.1.50) 

The compensator necessarily fulfills the cocycle condition: 

CAWi - Cj^Wl + e'^y'WlWi = f^j,W^. (3.1.51) 

In full analogy with the case of Kahler manifolds, to each Killing vector we can associate 
a triplet V%{b) of Killing potentials. Indeed, 

= A(iAi^^)+V(uw^), (3.1.52) 

where V is defined such that, for SU{2) vector , VF^ = dV^ + e^y^u^V^ . Therefore, if 
we set 

Vl = X-\iAu:^ -Wl), (3.1.53) 
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we obtain 

i^K"" = -vv% = -{dv% + e'^y'ujyvi). (3.1.54) 

If we expand X = a^kA on a basis of Killing vectors kA satisfying the commutation relation 
H3.1.48p . we can set 

= a^Vl. (3.1.55) 
With this basis, we can also rewrite H3.1.54|) as, 

ixK"" = -VV^x- (3.1.56) 

This is a generalization of the relation (|3.1.7|) . 

Furthermore, we need a generalization of the equivariance relation obtained by (|3.1.14j) . 
It should be written in terms of as follows: 

X{V^)=Vfx.YY (3.1.57) 
where the left-hand side of (|3.1.57|) is interpreted as 

X{V^) = ixW^ = X^'VuV^. (3.1.58) 

The triholomorphic momentum map 

As in the Kahler manifold case, (|3.1.54() defines a momentum map: 

: M^M.^(S) 0*, (3.1.59) 

where q* denotes the dual of the Lie algebra q of the group G. Indeed let g £ q be the Lie 
algebra element corresponding to the Killing vector X, then, for a given p £ A4 

Mp) : ^nb) (3.1.60) 

is a linear functional on g. 

Correspondingly, the triholomorphic Poisson bracket is defined as follows: 

{Va,VeV = 2K^'(A, ^) - Xe'^y'VlV^ (3.1.61) 

Lemma 3.2. The following identity is true, 

{VA.Vj,Y = fAm + Cl,,, (3.1.62) 
where C^^ is covariantly constant, namely, VC^^ = and fulfills the cocycle condition 

/as^C'If + /sf^C'aa + /fa^Cas = 0- (3.1.63) 

Proof. It is analogous to the proof of lemma 3.1. The difference is that we have to introduce 
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covariant exterior derivative and covariant Lie derivative /^a instead of the ordinary ones. 
/^A is defined such as for any SU{2) vector V^, 

tf^V" = LkV" + t^y''WyV\ (3.1.64) 

With this definition, (|3.1.5U() is rewritten as 

^A^^"' = 0. (3.1.65) 

Using (|3 .1.541) . we have 

2K^(A,S) = ij:iAK'= = -iAi^K'^ 

= ^(uVPe -isV^A) 

= li^An - ^j^n + e^y'{iAu:)yvi: - e^y'{ij,uj)yvi). (3.1.66) 

Thus, we obtain 

2i^-(A, S) - Xe^y^VlVI, = \(CaV% - Cj^Vl). (3.1.67) 

Since the covariant exterior derivative commutes with the covariant Lie derivative for 
any SU{2) vector V , [V^CpCW""' = 0, we find 

V(2i^-(A,S)-Ae^^XPg) = i(£^VPg-£sVPX) 

= -^(£Aisi^"-^EUi^") 

= /asVPF, (3.1.68) 

in the third equahty, we have used the fact that [i\^CY\K'-^ = ^[a.e]-^^- Using (|3.1.61() . we 
get 

V({PA,PEr-/As7'F) = 0. (3.1.69) 

Thus, the lemma 3.2 is proved. 

If we assume that the second cohomology group is trivial, then we have 

C^AE = /ae CF, (3.1.70) 

and the constant is absorbed by Vf^. Therefore, we obtain the Poissonian realization of 
the Lie algebra 

{V^^Vj^Y = f^^Vf, (3.1.71) 

which, in components, leads to 

Kvklkl - ^e^y^nn = ^/a^e^F- (3.1.72) 

Ea. (|3.1.72|) . which is the most convenient way of expressing equivariance relation in a co- 
ordinate basis, plays a fundamental role in the construction of the supersymmetric action, 
supersymmetry transformation rules and of the superpotential for M = 2 supergravity on 
a general quaternionic manifold. 
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3.2 Gauging of the composite connections 

On the special and quatcrnionic manifold, we have introduced several connection 1-forms 
related with different bundles. Gauging the corresponding supergravity theory is done by 
gauging these composite connections of the underlying cr-model. 

For the Lcvi-Civita connection the gauging is standard on Kahler manifold M. Let 
k^{z) be the Killing vectors which defined in the last section. The ordinary differential dz"' 
is replaced by the covariant differential defined as 

dz" ^ Vz" = dz'' + gA^kliz), (3.2.1) 

dz"* ^ Vz''' =dz"-'' +gA^kX{z), (3.2.2) 

where g is the gauge coupling constant and is the gauge 1-form. The Levi-Civita 
connection = T^^dz*^ is replaced by its gauged counterpart as 

^ rt = riVz'^ + gA%ki, (3.2.3) 
r^: ^ =ri:^.Vz''* +gA%*kf. (3.2.4) 

The gauged curvature 2-form is 

= R^^.^Vz"* AVz'^ + gF^dbkl{z), (3.2.5) 
where is the gauged field strength: 

= dA^ + ^gh^A^ A A^. (3.2.6) 

In an analogous way, the gauging of the Sp{2k) connection gives 

^ap ^ ^af3 ^ ^ gA^OuklW^^^'U^^^, (3.2.7) 

and the associated gauged curvature M becomes 

^ = X.^db'' A db"" + gF^duklW'^^'^U^^^. (3.2.8) 

The existence of the Killing potentials allow the following definitions for the ^7(1) con- 
nection and the SU (2) connection: 

Q ^ Q=Q + gA^rl, (3.2.9) 

^ u'' = u'' + gA^P%. (3.2.10) 

By computing the associated gauged curvatures, one finds the gauge covariant expressions: 

K = dQ 

= igab^Vz^ AVz""' +gF^Vl, (3.2.11) 
= nZ^Vb"" AVb'' + gF^n (3.2.12) 
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Chapter 4 

The Lagrangian of gauged Af = 2 
supergravity 

In this chapter we introduce the gauged J\f = 2 supergravity Lagrangian and the supersym- 
metry transformation laws in terms of the geometric quantities which have been given in 
the last two chapters. 

In 1^ 1^ 1211 EH I2ni innii the Lagrangian of = 2 supergravity was constructed. 
In particular, the Lagrangian of gauged M = 2 supergravity was introduced In [3l l37| llj. 

4.1 The Lagrangian of gauged M = 2 supergravity 

The complete Lagrangian can be found in 4 . It is constructed such that its equations of 
motion are consistent to the solutions of the Bianchl Identities. We will discuss with the 
Blanchl Identities and its solutions in the appendix B. The construction of the Lagrangian Is 
very complicated and tedious. Here we do not see the derivation of the complete Lagrangian. 
The general derivation of the supergravity Lagrangian is given In [HSI. Also, [241 0] will help 
you deriving the complete Lagrangian. 

The gauged J\f = 2 supergravity action is given by 

S = j <fx^ (£kin + /:Pauli + ^X'nir + Afermi + ^Yukawa " V{z, Z, b)) . (4.1.1) 

£kin consists of the kinetic terms of the component fields and is written as, 

+^(ImAA)AsF^^,F^'^^ + ^(ReAA)AsF;^,F^'^'^ 

-igab' (x'^'^i^N^x'! + V'ai^N^X'^) - 2i [Cl^V^Ca + Cal^N^C) 

+2U:^V^h^Qar'^ljAu - 2i^,"^V^5>^Ca + h.c]. (4.1.2) 
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z"" and A are, respectively, scalar fields and SU{2) doublet gaugini of the vector multi- 
plets. On the other hand, 6" and are scalar fields and SU{2) doublet hyperini of the 
hypermultiplets. The SU{2) doublet gravitini are represented by ip^. The field strengths 
-F^ ^ of the gauge fields AJJ and the graviphoton field are 

< = d^^Ai^ - d^Af, + gf%rA^Al, (4.1.3) 

and are their Hodge duals: 

= ^W.xi^''''^- (4.1.4) 

The normalization of the kinetic terms for the hypermultiplet scalar fields 6" depend on the 
constant A of the quaternionic Kahler manifold. We have chosen that A = 1 because of the 
positivity of the kinetic terms. 

Although we need not the explicit forms of /ZpauUi -^S^irmi ^4Fermi^^' S^^^ them 
for completeness: 

/:pauii = F-,'^(ImAA)As[2L^V^^^^^"eAB-2i/,^,A^*7>^e^'' 

+^VaA^A"^7'^"A^^e^B - h^'C^r'^CpC'^f] + h.c, (4.1.5) 



Afermi = -(ffafe.A'^VAS-25^r7<xCa)V5AM7AV'?^ 

-\ (c,,eA"^7'^<A''^A^^e^ceBD + h.c) 

+ ^ {^ah*cd* + 9ad*gcb* — -j^Qab" Qcd*^ A^^A^^A^l A^ 

+g,fe.V^;^A$i*V^^A"^ + 2Vi^rV^i;Ca + [eABCo^/s^P^C^P^'^C'' + h.c) , 

(4.1.6) 

^Fermr = (Im AA)as [2L^L^(V;^Vf )" (V5^'^V'''")-eABecD 
-8zL^/,^,(Vi^V'?)-(A^*7>B)- 
-2/^./^(A^*7''V^)-(A^*7.V'D,)-e^^e^^ 

+^L^/Ji<7^'^*C,be(V^>?)-A'^^7'^"A^^6^BecD 
We have redefined the field strengths in <B.2.4t in the appendix B as ^^fiv 
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-^C„;.cQe/5^^*/"7^-4''*A"^7M.A^^A'^^7^"A^^e^Beci5 
- V„/,^Ca7,..C/?A«^7'''^ A^^e^sC"'' 

+iL^L^Ca7/.z.C/3C77''"C5C"^CT"5] + /i.e., (4.1.7) 



where we have used, Fj^J^ = |(F^j, ± fe^'^'^'^-^^o.)- Also, (. . .)" denotes the sch' dual part of 
the fermion bilinears. 

Because of the gauging, we obtain the following Yukawa coupling terms which include 
the mass terms of the fermions and scalar potential terms: 



+M^^Up + A^afiCaA"-^ + A^a^lfesA^^A^^] + h.c, (4.1.8) 

V{z,z,b) = g^lgah^klk^^L'^L^ + g'''' ftlb^nn 



The coupling constant g in >C Yukawa) ^ is a symbolic notation to remind that these terms 
are produced by the gauging. Therefore, there is no Yukawa terms and the scalar potential 
term in the ungauged theory (51 = 0). 

Yukawa are written by the following matrices. 



+4 huvklk^L^L^ - 3 L^L^VIV^]. 



(4.1.9) 



(4.1.10) 





N, 



-A 



(4.1.11) 
(4.1.12) 



In the subsequent chapter, it is convenient to divide W and M.aA\hB into two parts 
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respectively such that 

^^aAB ^ e^^klL^, (4.1.16) 

^ i(a,)^^n5"'7^, (4.1.17) 

Mi.aA\bB = ]^eABgac*kt ft , (4.1.18) 

M2;aA\hB = '^i<yx)ABn^bft- (4.1.19) 

In the following, we refer to these matrices as mass matrices. 
The covariant derivatives are defined as follows: 

1 i " 

'^lui'Au = dul/jAu - -r^iju/^lpAu + ^Q/.V'Ai. + ^An'4^Bu, (4.1.20a) 



1^ 



V^^^ = d^i;^ - \lijuf^^Au - 1.0.^^^ + (4.1.20b) 



V^z" = V" + 5^i^A> (4.1.20c) 

V^A''^ = d,X-^ - l^ijup'^^ - '-Q,X^^ + VXX'^ + ci^^A"^, (4.1.20d) 

V^A^ = d,\i ^^.L^)^ + '-Q^^Xi + t-l,^X'i + ^4A|;, (4.1.20e) 

V^6« = a^6« + 5AifcX, (4.1.20f) 

V^Ca = d^Ca - ^Hj^Ca " \ Q„C,a + (4.1.20g) 

v^r = - ^7^.•<r + \w + ^u"- (^-i-soh) 

In the above equations, Q^, f '^A^ ^o?* ^"^^ ^'^^ space-time components of the gauged 
connections which have introduced at the end of the last chapter: 



2m 




(4.1.21a) 


■pa 
J- 6m 


= rld^z' + gAidbkl, 


(4.1.21b) 




= = I [u^ld.h^ + gA^Vl) (a,)/, 


(4.1.21c) 


an 


= A/„a^6- + gA%klU-\^^U%^. 


(4.1.21d) 



where u/^ is the spin-connection. Also, the coupling constant g in the covariant derivatives 
is a symbolic notation which comes from the gauging. If we consider the ungauged theory, 
these terms are vanish and all the gauged covariant derivatives reduce to ordinary ones. 

4.2 The supersymmetry transformation laws 

In order to discuss whether supersymmetry are broken or not in the subsequent chapter, we 
need the supersymmetry transformation laws of all the fermions. Let be the infinitesimal 
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parameter of the supersymmetry transformations. The supersymmetry transformation laws 
of the fermion fields are given by 

+eAB{T-, + C/+ )7'e^ + igSABV^uY e"" (4.2.1) 

+G;«7''^eBe^^ + Y'^'^^'eB + gW^^^'eB (4.2.2) 
6Ca = -A£^Ul^[e^^a%eB + Ce^)Cp 

+^(5„0«^eB-a„*/CA|*e^)Ca 

+9N^eA. (4.2.3) 
The supersymmetry transformation laws of the bosons are 

Sei = -i^p^^j'e^-i^^j'sA, (4.2.4) 
6A^ = 2LHA^.eBe^^ + 2L'^i>^eBeAB 

+i(/a A'^^T/.e^'eAS + I^^Xtl^eBe''^), (4.2.5) 
fc" = A"^eA, (4.2.6) 
•^^'^ = Wl«(re^ + C°^e^''C/3eB), (4-2.7) 



where 
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(A^ T'^A"^ - <5f A^*7^A^^) , (4.2.8a) 

= \9a*b (a^ T'^A^^ - ^<5f A^^'^A''^) - \5rCal^C, (4.2.8b) 

T-, = i(ImAr)AEi^^ [f]:,- + ^V„/b^A"^7^:^A^^e^s - ^C^^CaT/.^^C/?^'') , (4.2.9a) 

r+ = z(ImAA)AsL^ + ^V„*/^A^*7^.ASe^^ - ^Ca^CT^.C''^'') , (4.2.9b) 
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(4.2.10a) 
(4.2.10b) 



(4.2.11a) 
(4.2.11b) 

^aAB ^ ^^a6*c,.^.,.AgAge^^e^^. (4.2.12) 
In the above equations, are the supercovariant field strengths defined by: 

-i/„^A'^^7[.V'JSe^B - ifyX^li.i^B,]e^''- (4-2.13) 



31 



Chapter 5 



Partial supersymmetry breaking in 
the J\f = 2 U{1) gauged model 



The simplest realization of the partial breaking of = 2 local supersymmetry has been 
discussed in reference jl2| . The model includes a ?7(1) vector multiplet and a hypermultiplet. 
In this chapter, we review this model and it will be generalized to U{N) gauged model in 
next chapter. 

First of all, the parametrizations of the vector multiplet and the hypermultiplet are 
given in section 5.1. In section 5.2, we see that the M = 2 local supersymmetry is broken 
to M = 1. This is confirmed by the appearance of a Nambu-Goldstone fermion and the 
mass spectrum which is computed in section 5.3. Finally, in section 5.4, we summarize the 
results and discuss its applications. 

5.1 J\f = 2 U{1) gauged supergravity model 
5.1.1 Vector multiplet 

The ^ vector multiplet contains a complex scalar field z which spans the special Kahler 
manifold of complex dimension 1. We start from the case in which the holomorphic prepo- 
tential F(X°,X^) exists. Since the prepotential F(X) is a homogeneous of second degree 
of the coordinates X^{z) (A = 0, 1), we can write F as follows. 




(5.1.1) 



Fo = 2X^:Fix'/x')-x' :f{x'/x') 



(5.1.2) 



It is natural to choose the coordinate X^{z) linearly independent: 




(5.1.3) 



To be precise, the gauge symmetry is C/(l) x U{l)graviphoto: 



32 



Substituting (|5. 1.3(1 into (|5.1.2() . we have 

1 

1 dJ^{z 



Fi{z) 



2T{z) 



dT{z) 
dz 



V2 dz 



(5.1.4) 



To specify the model, we have to choose a particular form of the holomorphic function J-{z). 
Our choice, here, is 

= -iz. (5.1.5) 

This is the simplest choice of the function J-{z): it corresponds to consider the microscopic 
(or bare) theory. The holomorphic section n{z) can be written as, 



Fa 



1 

7i 



/ 1 \ 

z 
—iz 



(5.1.6) 



We can easily compute the Kahler potential (|2.2.5|) and its derivative: 

K. = -\og{z + z), 
d.K = -{z + z)-\ 



(5.1.7) 
(5.1.8) 



By using above equations, the Kahler metric and the Levi-Civita connection (|2.1.6|) are 



gzz = dzdzKL = {z + z) ^, 

= -g''*d,gzz,=2{z + z)-\ 

where we have used the shorthand notation: dz = d/dz and dz* = d/dz. 
Now perform the symplectic transformation. 



(5.1.9) 
(5.1.10) 



( 1 











\ 











-1 










1 







V 


1 











/ 1 \ 



^/2 



-iz 



(5.1.11) 



V ^ / 



where S G 5*^(4, M). After this mapping, the transformed section can no longer be written 
in the standard form with the prepotential -F, because the last two components clearly can 
not be written as functions of the first two. Thus no prepotential F(X^ ^X^) exists. We 
still have the same Kahler manifold (|5.1.7|) - (|5.1.1()|) but with different couplings of the 
scalar fields to the vectors and to the fermions. 

In the following, we use the transformed section (j5. 1.11(1 and omit tilde ~: 



X 



A 



1 



V2 ( ^ 



Fa 



1 



( 



-iz 



(5.1.12) 



\/2 V ^ 

^^The Kahler potential /C has been defined by the symplectic invariant way. Therefore, the Kahler metric 
and the Levi-Civita connection are same. 
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For future reference, let us evaluate and h/^\^. Substituting ()5.1.7|) - ()5. 1.11(1 into 
we obtain 

— {z+-zr^'^( M, (5.1.13) 



V2 \ i 

hAi, = e^i\d, + d,iqFK 

= 71 ^"(^ + ^")"^^' ( 7 ) • 

Furthermore, the covariant derivative of can be obtained by substituting (|5.1.7|) - (|5.1.11j) 
into ((2231, 

= 0. (5.1.15) 
If we compare (|5. 1.15(1 with ()2.2.16() . we obtain 

= 0. (5.1.16) 
This is because J- has been chosen as the simplest function. 

5.1.2 Hypermultiplet 

Before going to details, we must explain why one hypermultiplet is needed to break half 
supersymmetry. This discussion is same for the U{N) gauged case in the next chapter. 
If = 2 local supersymmetry is broken to = 1 spontaneously, one gravitino remains 
massless but the other becomes massive by super-Higgs mechanism. So, it is important 
to note that in addition to super-Higgs mechanism Higgs mechanism must occur. Since 
M = 1 supersymmetry is manifest, the massive gravitino forms M = 1 massive multiplet 
of spin (3/2, 1, 1, 1/2). Thus two gauge bosons, that is U{1) gauge boson and graviphoton, 
must become massive by absorbing the scalar fields, in other words, Higgs mechanism must 
happen so as to keep M = 1 supersymmetry. Therefore we need at least one hypermultiplet 
and at least two U{1) translational isometrics which provide Higgs mechanism. 

In this chapter (and in the next chapter), we take the same parametrizations as those of 
[TH | irn i on]. The SU{2) connection and the SU curvature (j2.3.7() are parametrized 

as, 

— —^^ — — r^yz (T; 1 -|7\ 

Furthermore, by using ((2.3.2U() . the metric huv of this manifold is given by 

^T'uv = ^^pyi*^™- (5.1.18) 
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In order to write down the fermion mass matrices and the supersymmetry transformation 
laws, we also need the symplectic vielbein U^^db^ (a, A = 1, 2). It leads: 

= ^e"^{db^ - i(j''d}f)p^, (5.1.19) 

where are the standard Pauli matrices **. 

The metric 1)5. 1.18(1 is invariant under arbitrary constant translations of the coordinates 
b^,b^,b'^ because it does not depend on b^,b'^,b^. As we have seen above, in order for the 
M = 2 supersymmetry to be broken partially, we have to gauge two of the isometrics. Here 
we choose the following translational isometries of two coordinates b"^ , b^ as the gauged 
isometrics: 

b" ^ 6' + e'(ff2 + ff3), (5.1.20) 
b^ b^ + e^gi, (5.1.21) 

where gi, g2, 93, ^ The Killing vectors k"^ which generate these isometries can be written 
as follows: 

A^o = <?i^"'+52<5"', (5.1.22) 

and the associated Killing potentials "P^ for these vectors are 

rS = ^(5i<5"' + 52<5"'), (5.1.24) 
Vf = ^gsd^'. (5.1.25) 

5.2 Partial supersymmetry breaking 

In this section, we see that the local N = 2 supersymmetry is broken to = 1 in the simple 
model which has been given in the last section. This will be confirmed by the appearance of 
a Nambu-Goldstone fermion: the fermion whose supersymmetry transformation on the vac- 
uum is non-zero. Since the supersymmetry transformation laws of the fermions are mainly 
written by the mass matrices, let us evaluate it here. By substituting the parametrizations 
in the last section into (|4.1.1fl() - (|4. 1.19(1 . we have 

Sab = -^('32+9. 9. \ (52.1) 
2^W \ 91 i92+93 J ^ ^ 

VFf^^ = 0, (5.2.2) 

Wi^^ = -^{z + -z)( + V (5.2.3) 

^ V2b0^ ^\^9l 92 + 193 J ^ ' 



*The notations are explained in appendix A. 
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V2W V 91 -W2 -93 J 

M% = '92 +93 \ (52.6) 

6° V -^92 - 93 -91 J 

Mi,,A\zB = 0, (5.2.7) 

M2.,,A\zB = 0. (5.2.8) 

where (|5.2.8j) comes from (|5.1.15|) 

The scalar potential 

The scalar potential V{z,z,b) is given by (|4.1.9() . If we substitute the parametrizations in 
the last section into V, we have 

Viz, z, b) = 9'''VlVy^ff + 4K,klk^sL^L^ - WIV^L^L^ 

= 0, (5.2.9) 

identically, for any value of 91,92,93 and also of z and 6". In the following, suppose that 
we choose one of the vacua, that is, we know the value of z at the vacuum and write the 
vacuum expectation value of . . . as (. . .). In this model, we cannot determine the vacuum 
expectation value of z. In the next chapter, the scalar potential takes the non-trivial form 
and we can determine the value of z at the vacuum. 



Supersymmetry transformations of the fermions 

Using (|5.2.1I) - (|5.2.4|) . the vacuum expectation values of the supersymmetry transformation 
laws of the fermions ()4.2.1() - H4.2.3() are 

= (^>f'^^* .J' ]^Ji]: (5.2.10) 



'2\/260 V 91 i92 + 93 J 

^ _^l^^{^J92^^93 ^9l W ^1 , (^^.n) 
^ ^26° '\ ^91 92 + i93 J \e2 ^ ' 

{6Ca) = N^eA 

, e''^/^ V f 91 -i92 +93 \ ( ei 



^V2W' V ^52-53 -91 ) \^2 ) ^ ' 

If each matrix has one zero-eigenvalue, the supersymmetry transformation corresponding 
to one direction is zero and that corresponding to another direction is non-zero, so we can 
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see the N = 2 local supersymmetry is broken to = 1. In order for each matrix to have 
one zero-eigenvalue, we have to impose the following conditions on the coupling constants: 

52 = 0, 51 = ±53- (5.2.13) 

Notice that gi,g2,g3 G IR. In other words, when the conditions H5.2.13|l are satisfied, N = 2 
local supersymmetry is broken to N = 1. 

In the following, we choose the coupling constants as follows, 

92 = 0, gi= 53. (5.2.14) 

Substituting (|m?ll into (tm7Hl - (im^ . 

= |)7.(:J), (5.2.15) 

(^c.) - ( \ _\ ) ( ) . (5.2.17) 

If we define 4'± = -^{4'i =t (j)2) where G 1^,^, X (the left or right chirality are denoted by 
the upper or lower position of the index it), their supersymmetry transformations on the 
vacuum are 

(^V'+m) = ^"^7|^)5'i7m(^i + ^2), 

,V2ie'^^'^{z + z). . ^ . 
{SX'+) = -{ -1 L)g^^ei + e2), 

{5C-) = (^^^)5i(ei + 62), 

{6^l^.^) = (A^-) = (C+) = 0. (5.2.18) 

As we will see in the next section, the gravitino ip'^ becomes massive by the super-Higgs 
mechanism, while ip'^ remains massless. We define linear combinations of the fermions A^~^ 
and C- such that 

X. ^ -{{z + zr')X^+ + 2C_, 

T], = ((z + z)-i)A^+ + C-, (5.2.19) 

whose supersymmetry transformations on the vacuum are 

, ,3^/2ie'^/2 
{^X») = { ^0 )fi'i(ei+e2), 

((57/,) = 0, (5.2.20) 
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where the upper or lower position of dot represents left or right chirality respectively. Note 
that we cannot make the expectation values of the supersymmetry transformations of all 
the ( spin-1/2 ) fermions zero and only the supersymmetry transformations of the fermion 
X» takes the non-zero value. Thus, x» is the Nambu-Goldstone fermion and the N = 2 
supersymmetry is broken to J\f = 1. 



5.3 The mass spectrum 
5.3.1 Fermion mass 

Let us discuss the occurrence of the super-Higgs mechanism. To see this, we have to evaluate 
the fermion mass terms of the Lagrangian £ Yukawa (|4.1.8() . 

-Cvukawa = -(-^^— ) i^t^^""^^ ~ + \x»X» - + ■■■ + h.C. 

(5.3.1) 

We can, also, confirm x» is the Nambu-Goldstone fermion from the fact that it couples to 
the gravitino in the second term. Such a field can be gauged away by a suitable gauge 
transformation of the gravitino V'^: 

V'm ^ V'^ + ^7mX., (5.3.2) 

which results in 

/:Yukawa = "^(^^^0 ) (^^h^" " g^.^.J + • • • + h.C. (5.3.3) 

The super-Higgs mechanism has occurred, that is, by absorbing the Nambu-Goldstone 
fermion, the gravitino if)'^ has acquired a mass. 

The kinetic terms of the massive fermions in the £kin (|4.1.2|) are 



£kin = - ^V*jf,d^r], + ... + h.C. (5.3.4) 



It is easy to find the mass of the fermions by evaluating the equations of motion of them. 
As a result, the gravitino mass m is 

m=\{ )|. (5.3.5) 

Notice that the mass of the physical fermion t/, is the same as the gravitino, that is, m. 
Therefore, we can anticipate that and r/, form a AA = 1 massive multiplet of spin 
(3/2,1,1,1/2). On the other hand, A^~, together with the scalar fields, are expected to form 
J\f = 1 massless chiral multiplet. To make sure, we must consider the masses of the gauge 
bosons and the scalar fields. 
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5.3.2 Boson mass 

Let us consider the masses of the gauge bosons. They appear in the kinetic term of the 
hypermultiplet scalar: 



1 



Furthermore the massless scalar fields 6^ , 6^ can be eliminated from H5.3.6() by employing 
the gauge transformations of A^^^ A^: 

Al^Al--d,h\ Al^Al--d,h\ (5.3.7) 
9i 91 

This is the ordinary Higgs mechanism and the scalar fields 6^, are the Nambu-Goldstone 
bosons. 

The gauge kinetic terms are j{lmAf)\j:Fl^j^F^'^'^ , so we must compute the generalized 
coupling matrix Af 1)2.2.1 

with 



ATas = /lAl/ o ir'Yj:, (5.3.8) 



hAii = ( Ma ) = ^ ), (5.3.9) 

= ( /A ) = ^ _1. ) . (5.3.10) 



Therefore, the matrix A/as is 



The kinetic terms of the gauge bosons are written as follows, 



\lm{MAj:)Ff^,F^^'^ = -}-J^F^^,F^^^^ - ^^F^^.F^^r (5.3.12) 



From 1)5.3.6(1 and (|5.3.12|) . we can read off the masses of the gauge bosons. As a result, both 
of them agree with (|5. 3.5(1 . that is, 

m=K^l^^)|. (5.3.13) 

The U{1) gauge boson and the graviphoton have acquired the mass. 

Since the scalar potential V is identically zero, there is no mass term of the vector 
multiplet scalar z. Thus, all the scalar fields are massless. 

We summarize the mass spectrum of our model in the table 5.1: 
M = 1 gravity multiplet contains the vierbein and the gravitino tp~ . On the other hand. 
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the massive gravitino ■0^, the U{1) gauge boson Aj^, the graviphoton A^ and the fermion 
r], form a massive spin-3/2 multiplet. The gaugino and the complex scalar field z form 
the massless chiral multiplet. The hyperino C+ and the scalar b^,b^ form J\f = 1 chiral 
multiplet. Note that the U{1) x U {1) graviphoton gauge symmetry is completely broken and 
the vacuum lie in the Higgs phase. 



J\f = 1 multiplet 


field 


mass 


gravity multiplet 







spin-3/2 multiplet 


Al A\ 7?. 


m 


chiral multiplet 


A^-, z 





chiral multiplet 








Table 5.1: the mass spectrum 



5.4 Conclusion and discussion 

We have seen that, in the M = 2 U{1) gauged supergravity model, the N = 2 supersymme- 
try has been broken to M = 1 counterpart. The super-Higgs and the Higgs mechanisms are 
observed: The Nambu-Goldstone fermion and the Nambu-Goldstone bosons are absorbed 
by the gravitino and the gauge bosons respectively. Also the gauge symmetry is broken by 
the Higgs mechanisms. 

To make more realistic model, we have to consider non-Abelian gauge group. But, if 
N = 2 local supersymmetry is broken to = 1, by the Higgs mechanisms, the gauge 
symmetry corresponding to the graviphoton and to one of the gauge bosons of the vector 
multiplet sector have to be broken. Thus, it is desirable that the gauge symmetry of the 
vector multiplet sector is U{l)x (non-Abelian). Indeed it has been showed that, in the case 
of the X (compact group), partial supersymmetry breaking has occurred Jl]. 

The model which we have used in this section is the simplest one because we have chosen 
the holomorphic function T as the simple function. The resulting theory is the microscopic 
(or bare) theory. This leads to the following question; Does partial supersymmetry breaking 
occur in M = 2 effective theory ? We will answer the question in the next chapter: we will 
use U{N) gauged effective model by keeping general holomorphic function. 



40 



Chapter 6 



Partial supersymmetry breaking in 
the J\f = 2 U {N) gauged model 



In this chapter, we wih see that, in the M = 2 supergravity model which includes a U{N) 
vector multiplet and a hypermultiplet, the N = 2 supersymmetry is broken to N = 1 spon- 
taneously with keeping the SU{N) gauge symmetry manifest |2U| . This is a generalization 
of the model which we have reviewed in the last chapter. We do not set the section as the 
simplest function here. It leads to the effective theory which contains higher order coupling 
terms of the scalar fields. In this sense, it is not simple generalization. 

The organization is parallel to that of the chapter 5. First of all, the parametrizations of 
the vector multiplet and hypermultiplet are given in section 6.1. In section 6.2, we observe 
that the N = 2 local supersymmetry is broken to = 1 spontaneously. The mass spectrum 
is computed in section 6.3 and the resulting N = 1 Lagrangian is obtained in section 6.4. 
Finally, in section 6.5, we summarize the results. 



6.1 J\f = 2 U{N) gauged supergravity model 
6.1.1 U{N) vector multiplet 

The vector multiplets contain the complex scalar fields z". The index a = 1, . . . ,N'^ label 
the U{N) gauge group and A^^ refers to the overall U{1). For simplicity, we write N'^ = n 
below. We start from the case where the holomorphic prepotential F{X^,X°') exists. The 
prepotential can be written, 

F(X°,X") = (X°)2.F(X7X°). (6.1.1) 

By taking the (A = 0, 1 . . . , n) derivative of F, we obtain 

Fo = 2X'HX'/X'')-X^^^^^jj^^HX'/X'), 

= x^-—^-—T{X^/X^). (6.1.2) 



To be precise, the gauge symmetry is U{N) x (7(1). The f/(l) gauge group comes from the graviphoton. 



41 



It is natural to choose the upper part of the holomorphic section, X (z), as 

X\z) = ^, X\z) = ^z\ (6.1.3) 



which leads to 



^f2\ dz"- 

where we have defined da = d/dz°'. We keep J^{z) general function for a moment. 

Let us perform the symplectic rotation which is similar to that in the last chapter. We 
rotate the overall U (1) part, that is, X" — > — F„ and F„ X""-. As a result, the holomorphic 
sections are 



X'(.) = -L/, ^■,(., = -L^. (6.1.5) 

where the index a = l,...,n — 1, label the SU{N) subgroup. Our choice of sections is such 
that no holomorphic prepotential exists. 

With this choice, Kahler potential and its derivatives are 

/C = —log /Co, (6.1.6) 

/Co = i(^^-^-^(^"-^")(^a + ^a)) (6.1.7) 

daJC = -^{Ta-Ta-{Z^ --z'')Tac). (6.1.8) 

where Ta = dT jdz"" . The Kahler metric and the Levi-Civita connection are 

9ah* = dadb'JC 

% — 

= daJCdb*lC- -^{J^ab- ^ab), (6.1.9) 

= -d^dclC - S^dblC + -^5'^'='* {dbdc}Codd*}C + dbdcda^lCo). (6.1.10) 

A^O 
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Furthermore, by using (12.2. leij) and (16.1.101) . Va/° and Vaft are evaluated as follows, 

^ daf,+Tl,fc+\dalCfb (6.1.11) 

= -j=- (dadbic - daicdbfc + —g^'' idadbiCodd*ic + dad^,dMd,ic 
+-=— ^'-^ (5aa,/Co9d./c + aaa;,5d./Co)(.F„, + 9,/c.F„). (6.1.12) 

These equations will be used in the analysis of the scalar potential. 
U{N) gauging 

In order to gauge the vector multiplets, we define the Killing vectors as follows, 

Kd, = ra,Z%, K'B,* = fl.fd,,, (6.1.13) 

where /^^ is the structure constant of the U{N) gauge group satisfying 

[ta,h]=if^btc. (6.1.14) 

In this way, for example, the covariant derivative of the scalar fields can take the standard 
form; 

= d.z'^ + f^.A^z'^. (6.1.15) 

Note that these Killing vectors satisfy 

Q = CKlC = k\dblC + kfdb*lC. (6.1.16) 

6.1.2 Hypermultiplet 

We take the same parametrizations as those of the section 5.1.2. Since in order for J\f = 2 
supersymmetry to be broken partially, as we have seen in the last chapter, two gauge boson 
have to be massive by the Higgs mechanism, let the overall U{1) gauge boson and the 
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graviphoton be the gauge bosons which become massive. For this purpose, we generahze 
(fm^ - (im^ as fohows, 



n = ^(9i5^''+52<5^'), Vi = 0, V^^ = ^g,5^\ (6.1.17) 



6.2 Partial supersymmetry breaking 

In order to write down the supersymmetry transformations of the fermions, let us evalu- 
ate the mass matrices here. Substituting (|6.1.6() - H6.1.9() . (|6. 1.13(1 and the hypermultiplet 
parametrizations into ((4. 1. 1011 - (|4. 1.19(1 . we have 

^aAB ^ _i^lC/2jya (^0^ 1^ (g_2.1b) 
^raAB ^ ^^^^ ab* f g2dt*fC+g3{:Fnb+db*fC:F„) igidh*IC \ f6 2 Icl 



y/2W V ii92+g3^n) -gi 

-M"^ = ^f , ? ^,), (6.2.1e) 

W V -^ia2da/c+g3{:F„t+da/c:F„)) -gidaJC y ' 

M,.aA\bB = ^9ac<db + dblC)V' _^ ^ j , (6.2.1g) 

= ^£^(7 [ 32db*K.+g3(f^b+dt,,Kf„) -igidb*IC \ 2 

2^/2 "'"'^ V -igidb*IC g2d,,ic+g3{:F„t+d,*ic:Fr,) ) ' ^ ■ ■ 

where we have introduced, 

P» = -^nc^*^"- (6.2.2) 
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6.2.1 The scalar potential 

By the gauging of hypermultiplet, the scalar potential V takes a nontrivial form: 



V{z,z,b) = e'^g^,,V'^v'' + 4^g-'*DlDt, 



2(60)' 



+ M'^J'nW + M'Tn). (6.2.3) 



with 



Dl = dale + M''iJ^na + dale J^n)), (6.2.4) 

= (0, 92, 9i), 
= (0, 53, 0). 

The first term comes from U{N) gauging of the vector multiplet, while the second and 
the last terms correspond to gauging of the hypermultiplet. Note that this potential is 
quite different from what we have seen in the last chapter. If we choose J- as the simplest 
function of the holomorphic sections X^, we obtain flat potential and cannot determine the 
expectation values of the scalar fields. On the other hand, in our model, we can obtain it 
by determining the minimum of the potential. 

Let us find the conditions which minimize the potential. Firstly, let us consider the 
variation of V with respect to the scalar field z". The derivative of the second and the last 
terms of V is 

(60)2 y ^a^b* 2(60)2' 

■ {da}C)g'^' DfDl. + {dag"''' )DfDl. + 5''' {daDf)Dl, 



9a { -^g'^'^DlDl. - -^{S^+M^TnW+M^Tn) 



.... . 1 



Cabc9'"''D%g''*Dl., (6.2.5) 



(60)2 

where we have used ()6.1.12() and H6.1.12|) in the last equality. Thus, the condition which 
minimizes the potential is 

'(6"0)2 



= {d,V) = {d, ( e'^gab^V'^V')) + {^iCacdg'''* my^* , (6-2.6) 



Of course, we must consider the variation with respect to the hypermultiplet scalar fields 
6". Since V contains only b^, it is straightforward to compute the derivative in terms of b^. 
The condition which determines the vacuum is 

= (^) = -j^{2g'^''D-D-,, - {£^ + M^J^n){£''+M^^n))SuO. (6.2.7) 



45 



The holomorphic function T 

Since we would like to keep SU{N) gauge symmetry manifest, we will work on the condition 
= 5<^"A. Then (P") = {^f%^z^' z") = holds. Thus we have {dc{e^ gab*V''V^)) = 0. 
Moreover, we assume a form of the gauge invariant function J^{z), which parallels that of 
0, as 



iC . 



zn^ + g{z) 



1=0 



(6.2.8) 
(6.2.9) 



where C G M is constant. We will see that C must be non-zero in order for the inverse of 
the Kahler metric to exist. 

Let us compute the expectation values of some geometrical quantities. Firstly, the 
expectation value of the derivative of J- is 







^-F no) 






~ ^db(-^rm — 




— ^ab i-^nnn ) 



where the explicit forms of (J^n) and (J^nn) are 



(/-I)!- 



EC/ W-2 



(6.2.10) 



(6.2.11) 



It is easy to compute the expectation value of daJC by using (|6.1.8p : 



{dalC) 



-{^a — -^a — (A — X)J^an) 



5an{dnK). 



(6.2.12) 



Furthermore, the vacuum expectation value of the Kahler metric gab ()6.1.9|) can be evaluated 
as follows: 



/ (511 



\ 



(511*) 



(6.2.13) 



V 



{ann) ) 



46 



with 

idiu) = 2 — ~ ~ 2iC), 

{gnu) = \{dnJC)\'' -'-^{Tnn-rnn). (6.2.14) 

Note that only the diagonal components are non-zero and these take the same value except 
for (gnn)- Finally, we have to compute {D^) and (Cabc) by using the above equations; 

{Cabc) = ^{^abc). (6.2.15) 



6.2.2 Vacuum conditions 

Now we are ready to analyze (|6.2.6I) and (|6.2.7() . Substituting H6.2.10|) - (|6.2.15() into (|6.2.6() . 
we obtain 

= (^-^nnn^™ ^^.5"" D^^,) . (6.2.16) 

The points (J-'nnn) = are unstable vacua because {dadb*V) = 0. Also, the points which 
satisfy (5"" ) = and (5„/C) = are not stable. Thus, the vacuum condition reduces to 

{D:.D^^,) = 0, (6.2.17) 

which implies 

^n + ^) = -('-^±^'A■ (6.2.18) 
OnIC// \g3 gsj 

where we use ((...)) for those vacuum expectation value which are determined as the solutions 
to H6.2.17|) . We have also assumed ^3 7^ 0. Note that if 53 = 0, H6.2.17|) leads to 51 = 52 = 
and the supersymmetry is unbroken. We are not interested in such a case. 
By using (|6.2.18jl . the second condition (|6.2.7|) leads to 

giTigs (£i)r +5? - ((5"">n/Cp)) 25?. (6.2.19) 

It can be shown that this condition (I6.2.19B leads to ((J^„„)) = 0: If {{J^nn} = 0, (16.2. 1911 is 
automatically satisfied. Thus, let us consider the case {^nn} / and prove that it conflicts 
with the assumption, ^ 0. We write J^nn as 



J^nn = Fi+iF2, (6.2.20) 
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where Fi,F2 S M. From H6.2.12|) . (|6.2.14() and (|6.2.18|) . by using Fi and F2, we obtain 

F2 



Jnn* I 



dnlC + dn^lC} 

5„/c-a„./c)) 



((/Co))' 

nn -F nn 



((/Co)) V\5n/C dn^lC 
(A-A)F2. 



.51 



± 2i— + (A - A)Fi 



93 



((/Co)) 



Then the condition (|6.2.19() can be written as 

= 2gl- 2gl ((g""* \dnlC\^)) T iYgm + ffl 
where we have defined Y as 

F nn F nn 



F, 



nn 1 2 



(6.2.21) 
(6.2.22) 
(6.2.23) 

(6.2.24) 



Y = 



1 



,./CI 



Fo 



((/Co)) 



y ± 2i^ + (A - ~X)Fi 

93 



(6.2.25) 



In the second equahty, we have used H6.2.22|) . Using ()6.2.2ip . we can solve the above 
equation for Y: 



((/Co)) ^'53 



(6.2.26) 



Substituting (|6.2.26() into H6.2.24I) . we get 

= 25?-25?((5"">n/crt)-2<7?(9""^ 



2 // I 

93 



F2 

((/Co) 



, 2 II •-^1 

+ 93 



nn 1 2 



nn 1 2 



(6.2.27) 



where we have used ()6.2.21() . Therefore, we conclude that when {Fnn} 7^ 0, the vacuum 
condition leads to §3 = 0. This conflicts with the assumption which is written in below 
H6.2.18|l . Thus, we can say that the second vacuum condition implies 



((^nn)) = 0. 



(6.2.28) 



In the rigid theory [HI El) the second vacuum condition is not needed, because there is no 
hypermultiplet in the model. In fact, we will see later that N = 2 local supersymmetry is 
not broken partially without the second vacuum condition. 
In the following, we choose the vacuum condition as 



iFr,. 



92 , .91 

93 93 



(6.2.29) 
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With this, we can evaluate the expectation value of daKL and gab* such that 

R/C)) = -5anie''))-, 



{gnu*} = |R/C))p = ((e2'=»(|y. (6.2.30) 
Note that C = is necessary for the Kahler metric to be invertible. 

6.2.3 Supersymmetry transformations of the fermions 

Let us compute the vacuum expectation values of the mass matrices. Substituting (|6.2.29|) - 
(|6.2.3U|) into the mass matrices (|6.2.1a|) - (|6.2.1i|) . 

is.s} ^ -{{^..))(; ;)> (6.2.31) 

i^^n = ^'^"(^(^-^rvV ; ]), (6.2.32) 



^^^50^-"'-^ -// V 1 1 
[^^} = ( \ \ ) , (6.2.33) 



llie'^n X ( -I 1 



((-^as)) = - {^^^9idaK^ \ _\), (6.2.35) 

iM,,aA\bB)) = -l)- (6.2.36) 

Notice that each matrix has a zero eigenvalue. The expectation values of the supersymmetry 
transformations of the fermions are 

(#+/.)) = 11^51 j7A.(ei+e2), 

= 5-||!^5,(a„/C)-^^(6l + 62), 

= ((A-» = ((C+)) = 0. (6.2.37) 
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Note that only the super symmetry transformations of "0^, A""*" and C- at the vacuum are 
non-zero. Furthermore, quite similar to the last chapter, we define linear combination of 
the fermions, A""^ and C- as 

X. = R/C))A"+ + 2C-, 

r?. = -R/C))A"+ + C-, (6.2.38) 
whose supersymmetry transformations are 

i5r],)) = 0. (6.2.39) 
Therefore, the fermion x» is the Nambu-Goldstone fermion. 

6.3 The mass spectrum 
6.3.1 Fermion mass 

Let us consider the fermion mass spectrum. By substituting ()6.2.31() - H6.2.36|) into /^Yukawa; 
we obtain 



A/2e'^/2 \ / II 

V \\ / 7-i_ „,,, , _l_ . _ , u , -L _ i 



^Yukawa = ^ — — 9i jj [i^^l^^i^u " ^Xl^l^+ + gX.X. - -^11,7], 

+ ^ A'^-A'^- + . . . + h.C, (6.3.1) 

The Nambu-Goldstone fermion x» couples to the gravitino in the second term and we 
can remove it from the action by redefining the gravitino such that, 

+ (6.3.2) 

which results in 

^Yukawa = -^ ^^5l ^ [i^t^'^'^i^t " ^^.^.) + ^ E ^ ^^S^aan ^ A^ A»- 

+ ... + h.c. . (6.3.3) 

The gravitino ipj^ has acquired a mass by the super-Higgs mechanism. 
The kinetic terms of the massive fermions are 

£kin = -^i^^-fudxi^Aa - i^ffl^d^V. - i E iaaa*)) ^/^d^ X"^ +■.■ + h.C. (6.3.4) 



3 
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It is easy to find the mass of the fermions by evaluating the equations of motion. The 
gravitino mass m and the masses of the gauginos rua are 




(6.3.5) 



Notice that the mass of the physical fermion r/, is the same as the gravitino, that is, m. We 
can expect that and 77, form a = 1 massive multiplet of spin (3/2,1,1,1/2). On the 
other hand, A"~, together with the scalar fields, form M = 1 massive chiral multiplet. To 
make sure, we must consider the masses of the gauge bosons and the scalar fields. 



6.3.2 Boson mass 

Let us compute the masses of the scalar fields. If we define the fluctuations from the 
expectation value of the scalar fields as the new scalar fields z", that is, z"" = z"' — {z'^J). the 
scalar potential can be expanded as, 

V = iV)) + idadb^V)) Z-r + i (dadbV)) Z^~z' + i {{da^db^V} f^* F + . . . . (6.3.6) 

where we use the fact that first derivative of V is zero by the vacuum condition. The second 
derivative can be easily evaluated, 

idadb^V) = (^^Cacd9'-\db,Dl.)9^rD-^^ 

— ^ab ^ 2(6*^)^ ian\ 9 

idadbV)) = {da*db*V)) = {). (6.3.7) 
Thus, the kinetic terms and the mass terms of the scalar fields are 

{i9aa')) d,~^''d^^^''* - (^bs^-nPff"'^*^ ) . (6.3.8) 

We can see the mass of z"" is the same as 1)6. 3. 5() . namely, the mass of gaugino A°~ . Therefore, 
as we have anticipated, they form A^'^ massive chiral multiplets. 

The gauge boson masses appear in the kinetic terms of the hypermultiplet scalars: 

^ (ff?^0A0'^+5i4"^'"^) + ..., (6.3.9) 



2(6°) 
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where we have defined the gauge boson A'" as 



A'n 



93 J ^ 



(6.3.10) 



Since the kinetic terms of the gauge bosons are |(ImAA)As-^/t-^^^'^i must compute the 
generahzed couphng matrix J\f (|2.2.23|) on the vacuum: 

/((AAoo)) (Mon)) 

(Gu)) ••• 



\ 











^22, 




V((AA„o» 








(6.3.11) 



with 



Im {{Mno} 



Im((AAoo)) 
Im {{Afon} 
Im((A4„)) 

Therefore the gauge boson kinetic terms are 



e ^ \ 9293 
I 9l' 



1 



-— Im I 



91 



(6.3.12) 



-K 



pin pfn/iu 



pa pa^u 



(6.3.13) 



where we have defined F'^,^ 



duA'^- We can read off the masses of gauge boson 
and A'^ from ()6.3.9() and (|6.3.13() . As a result, both of them agree with 1)6.3. 5|) . Thus 
the U{N) X U (1) graviphoton gaugc Symmetry is broken to SU{N) and the vacuum hes in the 
Higgs phase. 

We summarize the mass spectrum of our model in the table 6.1: 
M = 1 gravity multiplet contains the vierbein and the gravitino ip~ , and the massive 
gravitino U{1) gauge boson A'^, the graviphoton A^ and the fermion r/, form a massive 
spin-3/2 multiplet. The M = 2 vector multiplets have been divided into N = \ vector 
multiplets and chiral multiplets. = 1 vector multiplets described by massless gauge 
bosons A'^ and gauginos A""*" which become to SU{N) vector multiplet. On the other hand, 
the gaugino A'*" and the scalar field z"" form chiral multiplets which belong to the SU{N) 
adjoint representation. The gaugino A"~ and the complex scalar z" form a = 1 massive 
chiral multiplet. Also the hyperino C,j^ and the scalar form a chiral multiplet. Note 

that althouh this mass spectrum is analogous to the rigid counterpart fTUI , the phase of the 
theory is different: our vacuum lies in the Higgs phase, while the rigid one in the Coulomb 
phase. 



52 



N = 1 multiplet 


field 


mass 


gravity multiplet 


i'^ 





spin-3/2 multiplet 




m 


SU{N) vector multiplet 







SU{N) adjoint chiral multiplet 




m" 


chiral multiplet 




m"' 


chiral multiplet 








Table 6.1: the mass spectrum 



6.4 J\f — 1 Lagrangian 

In the last section, we have considered the lowest order terms with respect to the fermion 
fields and the shifted scalar fields z^. Now, wc would like to know all of the terms in /^Yukawa 
and V. This can be done exactly and, at the end of this section, we will see that J\f = 1 
Lagrangian can be written by the superpotentials. 

In terms of 5", the holomorphic function !F{z) is expanded as. 



where 



^ = (J^a) 5" + ^ ((^ab)) Z^z'^ + ^ ((^a6c)) Z^z'^~z'' + • • • ■ 



((^a)) + i^Fab) z" + i (( ~z'z^ + 



Similarly, JT^ and J^ab a^^e 

Tah = i:Fab} + {{J'abc} Z" + . . . . 



(6.4.1) 

(6.4.2) 

(6.4.3) 
(6.4.4) 



We have redefined jF^ and Tab as the derivative of ^ with respect to z"'. The Kahler 
potential, its derivative and the Kahler metric are, respectively. 



/C 
dale 

9ab* 



= — log i 



2/Co 

daK., 
dafCdh* /C 

gab*, 



{fa -fa- (((-2" - Z"), + - -Z'')fab) 



, (6.4.5) 

(6.4.6) 



2/Co 



{Tab - ^ab) 



(6.4.7) 
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where da = d/dz'^. In this way, we can write down all the terms in the Lagrangian in terms 
of the new scalar field i". In the following, let us see several terms of the Lagrangian. 

The Yukawa interaction terms 

The Yukawa interaction terms vCyukawa can be easily rewritten with these notations. First 
of all, we define the following quantities, 

IC/2 

Wi~zJ) ^ e'^/^W{2)^2{Su-Su) = ^g3{fn-i:Fn))), (6.4.8) 

/C/2 

S{zJ) ^ e'^/^Siz)^2iSu + Si2) = ^{2g2 + g3ifn + i^n)))), (6.4.9) 
where Sab is the gravitino mass matrix. Note that W and S are related as follows: 

W = S + ^^^^^. (6.4.10) 

Thus they are not independent. However, in the following, for convenience, we will write 
down the resulting Lagrangian, using both W, S. 

The first term of Yukawa is rewritten in terms of W and S as 

25ABV5^7'^>f = >VV;;7^>;+5^^7^>^. (6.4.11) 

Thus, we refer to W and S as superpotentials. Since the usual M = 1 supergravity models 
coupled to chiral multiplets contain one gravitino, there is only one superpotential. But, 
in this Af = 1 model obtained through the partial supersymmetry breaking, there are two 
gravitini. Therefore there exist two superpotentials which are related by eq. (|6.4.1fl|) . 
The covariant derivatives of W and that of S are respectively 

VaW = -^g3{:Fna + dalCJ'n - dale (J^n))) 

= gab'iW^-n-W^-u), (6.4.12) 

VacS = -^{2g2da)C + gs{J^na + da}CJ^n + da)CiJ^n})) 

= gab*{W^-u + W^-i2), (6.4.13) 
and the second derivatives of them are evaluated as, 

VaVbW = V2{M2;al\bl-M2;al\b2), (6.4.14) 

VgVbcS = V2{M2-al\bl+M2-al\b2), (6.4.15) 

tPor example, or gnUH]. 
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where W^^ = (W^^^)*. This can be used to rewrite the second term and the last term of 

■^Yukawa • 

+ i^a*m^__*7M^- +^^a*5A^*7MV'^;, (6.4.16) 

+ -Lv„Vfe>VA"-A^" + -^VaVb5A"+A^+. (6.4.17) 
In this way, we can evaluate all the terms of /^Yukawa- As a result, we obtain 
/:Yukawa = WVi;7^>; + i(Va. WA^* - 2WC+)7m^- - e'^^^~9ab*'^^K^,^i'- 

+WC+C+ + SC-C- - 2VaWC+A'^- + 2Va5C-A'^+ (6.4.18) 
+A^i;ai|62(A"-A^+ - A^^+A^^) + -L v„ V^WA"" A^" + -Lv,Vf,5A'^+A''+. 

Note that if we substitute z"" = into £ Yukawa; it reduces to the fermion mass terms which 
have been obtained in the last section. 

The scalar potential 

We turn to the scalar potential V. It is useful to rewrite it in terms of the mass matrices 
as 

V = -123^"^ Sai + gab'WiAW''^^ + 2N^Nl (6.4.19) 

which is also obtained from the supergravity Ward identities in reference i42j. Note that 
= {SabT andJ^(iV<^^)*. 
Let us rewrite (|6.4.19j) in terms of the superpotentials. The first term is 

-US^^Sai = -6{{Sii- Si2){S^^ - S^^) + iSii + Si2){S^^ + S^^)) 

= -^(|W|2 + |5|2), (6.4.20) 

and the second term is 

gab-Wf^W'^ = gab' (w^-uWf^ + Wi:,,Wf' + Wi:,^Wf^) 

= e'^~gab*V''V^ + ^r'*V,W^aW + hj^''' ^ aS^ aS . (6.4.21) 

In the first equality, we have used (|6.1.16j) . The last term is 
2N'^Nl = |Wp + |5p 

= ^/i"^V„WV^W + ^/i""V„5V^5, (6.4.22) 
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where u,v = 0,1 and huv = 5™/2(6°)2. Note that V„W = 5„>V. Substituting (|(i.4.2()jl - 
(|ti.4.22|l into (|ei.4.19|) . we have 

-^l>V|' - + ^/i™V„WV,W + i/i™V„5V,5. (6.4.23) 

This is the final form of the scalar potential. We can see that jCvukawa and the scalar 
potential V takes essentially the same form as the usual AA = 1 supergravity model (such 
as [Sni or HnHH]). Note that the superpotentials W and 5 are related by (|6.4.1()j) . 

6.5 Conclusion 

We have seen that, in the M = 2 U{N) gauged supergravity model, the J\f = 2 supersym- 
metry has been broken to AA = 1 counterpart spontaneously. In particular, we have not 
chosen the symplectic section as the simplest function. This leads to the effective theory 
which contains higher order coupling terms of the scalar fields. As we have seen in the last 
section, the Nambu-Goldstone fermion and the Nambu-Goldstone bosons are absorbed by 
the gravitino and the gauge bosons respectively, through the super-Higgs and the Higgs 
mechanisms. All the masses of the fermions and the bosons have been evaluated. The 
gauge symmetry U{N) x U (1) graviphoton is broken to SU{N) and the resulting model lies 
in the Higgs phase. Finally, we have considered the M = 1 Lagrangian. The M = 1 
Yukawa interaction terms and the M = 1 scalar potential can be written in terms of the 
superpotentials. 

As is pointed out in |13j . if we force the gravity and the hypermultiplet to decouple, 
the gravitino mass (|6.3.5j) becomes zero. Thus, the gauge boson corresponding to the 
overall U{1) and the graviphoton become massless in this limit. The Higgs phase of U{1) x 
U {!) graviphoton approaches the Coulomb phase. 
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Appendix A 

Conventions and notations 



Minkowski metric is defined as r]ij = (1, —1, —1, —1). The Riemann Tensor is 

R^, = + A F", = -^R^p^dxP A dx\ (A.0.1) 
Decomposition of tensors in self-dual and antiself-dual parts is 

T% = \ (t^.. ± '-^e^.paT'"^ . (A.0.2) 

A.l Notations in quaternionic Kahler manifolds 

SU{2) and Sp{2k) metrics 

The flat SU (2) and Sp{2k) metrics satisfy: 

^AB^ tA AB BA „12 „ 11 I \ -i ^\ 

e esc = —Oc, e = -e , e = ei2 = +1, (A. 1.1) 

C°^C^^ = -S^ C'^/^ = -C^°, = Ci2 = +1. (A.1.2) 

For any SU{2) vector Pa we have: 

cabP'^ = Pa, (A.1.3) 

e^^PB = -P^, (A.1.4) 
and for any Sp{2k) vectors Pa we have: 

C„^P^ = Pa, (A.1.5) 
C^Ppp = -p". (A. 1.6) 

Pauli matrices 

The standard Pauli matrices {(t^)a = 1)2,3) are 

M B _ I ^ 1 \ / 2n b _ f -i \ ,3. B / 1 
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The Pauli matrices with two lower indices are defined as follows: 

C 



{cT^AB = (^T^)i^eBC, (A.1.8) 

The above equations can be written as 

= ( ; = ( 7 ).W'Ub = ( ) ,(A.1.10) 

= ( ; ) • ("V- = ( ) . = ( ; J ) . (A.i.n) 

These imply the following equation: 

(^ab)* = (A.1.12) 

If we define (u^)"^ as 

= -e^'^'iancB, (A.1.13) 

we obtain 



A. 2 Spinor conventions 
Clifford algebra 

The gamma matrices in 4-dimensions are given as follows: 

75 = -i7o7i7273, 75 = 75, 75 = 1> 

{75, 7i} = 0, 
7o = 70, 



^ijkn ^ilijlb, e'^^'jkl = 2z7'^75- 
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Chirality 

The upper or lower position of the indices of the spinors fix their chirahty as follows: 



75 



75 



















(a 






Ca 




X. 






X. 




V V. J 




\ 


ri. J 




( \ 




( V 


\ 








c 












X* 


\ ri' J 




\ V' J 



right handed, 



: left handed. 



(A.2.2) 



(A.2.3) 



Majorana conditions 

For any fermion cf), the Majorana condition is 

where the charge conjugation matrix has the following properties: 

= -1, C^ = -C, 

icj^f = -C75, (C75y)^ = -^757', 



(C757*7 

Hermiticity of currents 

For 0-form spinors: 



{x»v»)^ 

ix.iV)^ 

(X.7^^'^.)^ 



For 1-form spinors 



V X =X V 



'7.7 X = -X 7 V; 

-n'^'^x' = x'Y^v'- 



i^sY^tpA = ipAl'^lpB- 



(A.2.4) 



(A.2.5) 



(A.2.6) 
(A.2.7) 
(A.2.8) 

(A.2.9) 
(A.2.10) 
(A.2.11) 
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Appendix B 

The Bianchi identities and its 
solutions 





= Ve' 


PA = VV'yl 


= dip A 


= 


= dV^ 




= duj'^ 



B.l Ungauged case 

Let us start from ungauged case. We introduce the basic fields oi M = 2 supergravity and 
their associated curvatures as differential forms in superspace. We take the one-forms e* 
and tpA, as a basis for AA = 2 superspace, whose space-time components and t/^^^ are 
the ordinary vierbein and gravitino fields. The curvatures olM = 2 ungauged supergravity 
coupled to the vector multiplets and hypermultiplet are as follows: 
The superspace curvatures in gravitational sector are defined as, 

ii)A^l'1p^, (B.l. la) 

- ^-fijJ^ A V'A + A V'A + A Vb, (B.l. lb) 

- -^^iju;'^ A - A + A V''', (B.l.lc) 

-uj\hu^^, (B.l. Id) 

where T' is the torsion 2-form, R^^ is the space-time Ricci 2-form, w'-' is the spin-connection 
1-form, Q is U{1) bundle connection which has been defined in ()2.1.17() . uj^ = ^{ax)A^^ 
{uj\ = e^^ uj^ eDs) are SU{2) bundle connection which has been defined in the section 
2.3. 

The curvatures and covariant derivatives in the vector multiplet sector are 

(B.1.2a) 
(B.l. 2b) 

- ^jijio'^X"^ - ^QX"^ + r'^.A''^ + t^IjA'^^, (B.1.2c) 

i7,,^'^Ai* + ^QA^* + T\X'; + uj^X-s, (B.1.2d) 
dA'^ + Z^-^A A Vse^^ + L^il^^ A ilj^eAB, (B.1.2e) 











VA"^ 


= dA"^ 


VA^ 


= dA^* 




= dA^ 
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where (A = 0, . . . , m) is the gauge connection 1-form: the value A = corresponds to 
the graviphoton and A = 1, . . . , m corresponds to the gauge bosons of m vector multiplets. 
The quantities and are arbitrary functions of z'* and z"* on Kahler manifold, but, 
as we will see later, the Bianchi identities constrain in such a way that they coincide with 
the objects defined in (|2.2.6jl . Note that we do not assume that the vector multiplet scalar 
sector is described by the special Kahler geometry rather we only assume it is described by 
Hodge-Kahler geometry. 

The covariant derivatives in the hypermultiplet sector are 

VCa = dCa - lli^'Ca " ^QCa + A/C/3, (B.l.Sa) 

Vr = dC - \l^,^''C + \QC + A"^C^ (B.1.3b) 

where Acf is the gauged Levi-Civita connection on T-LM. defined in the section 2.3, satisfying 
the conditions 1)2.3. . It is convenient to convert the world index of the curvature into 
a flat index A, a by means of the quaternionic vielbein such that, 

U^"" =U^'^dlf'. (B.1.4) 
The Bianchi identities in the ungauged case 

We can derive the following Bianchi identities: in the gravitational sector, 

VT + A Cj - ii)^ A + ip"^ A 7>a = 0, (B.l.Sa) 

VpA + Ni^A-'-K N^A- Ra a = 0, (B.l.Sb) 

+ \lijR'^ A^'^ + ^K AiP"^ - R^B A = 0, (B.l.Sc) 

VR'^ = 0, (B.l.Sd) 

where R^ is the SU{2) curvature defined in (|2.3.17() and K is the Kahler 2-form, K = dQ. 
The covariant derivative D have defined as, for vector and tensor V^^ , 

VV' = dV'-uj'jAV^, (B.1.6) 

VV'^ = dV'^ -Lo\AV''^ +lo\aV'''. (B.1.7) 
In the vector multiplet sector, we obtain 

d^z"" = d^z""' = 0, (B.l.Sa) 

V^A"^ + ^-iijR^^y"^ + ^-KX"^ + R\\^^ - ^i^^sA"^ = 0, (B.l.Sb) 

V^A^* + \iijR''\i - \K\i + <.A$: - '-R\\i = 0, (B.l.Sc) 
dF^ = eAB^L^ Ai>^ A^^ + 2eABL^Tp^ A 

- e^^VL^ A A V'B + 2e^^L^i)A A = 0, (B.l.Sd) 
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where R\ is the Ricci 2-form of the Hodge-Kahler manifold. 
In the hypermultiplet sector, we have 







(B.1.9a) 








(B.1.9b) 



= 



(B.1.9c) 



where M"^ is the Sp{2m) curvature which has been defined in H2.3.18|) . 
The solutions of the Bianchi identities in the ungauged case 

The solutions of the Bianchi identities HB.1.5a|) - HB.1.9c|) in the ungauged case are written 
as foUows: 



PA = PA\ije' A + {A\ri'^ + A'\f^)i;B A e' 

+eAB{T-^ + UtjhH'' A e\ (B.1.11) 
= 4e*Ae^- + (Af r/,,+^'f 7,,)^^Ae* 

+e''''{T+ + Ur.)^^B^e\ (B.1.12) 

+e^^-'='ViAA7fcVi?(^'^|,-4S) 

+ie^^^A A ^pB{T+'^ + U''^) - ieAB^^ A iP^{T-'^ + U+'^), (B.1.13) 



dz" 


= Zfe^ + V^AA"^, 


(B.1.14) 


dz"* 


= Zfe' + i,^\i, 


(B.1.15) 




= ViA"^e* + iZfyV^ + G-.'^T^^V'se^^ + i^^^^V'B, 


(B.1.16) 


VA^ 


= ViXie' + iZf 7Va + G+fi'^^'^eAB + l^l^V''', 


(B.1.17) 




= i^je^ A + i(/i^A"^7,V'^6AB + f^Xil^i^Be^'') A e\ 


(B.1.18) 



VCa = ViCae' + iU^^l'i>^eABC^p. (B.1.19) 
VC" = ViCe^ + iZ^^VV-A, (B.1.20) 
yAa ^ + e^^C"^V^BC/3 + V, (B.1.21) 



0, 



(B.1.10) 
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where 

AX'' = -^ga^biX'XyX'"' - SiXI^YX'^), (B.1.22a) 

^a"" = {ga-biXiYX'^ - A^'yA"^) + '-X5^CaYC, (B.1.22b) 

ef" = 2j^'pf + 7^!^', e^^-'^l^ = 27V''''^ + tV'''^, (B.1.23) 

Tr = 2i{lmM)A^L^ (^Fr^ + ^V./.^A'^^TijA^^eAB + ^C-^a7yC/3i^) , (B. 1.24a) 
= MlmM)A^L^ + ^V,./^A^*7i,Ag6^^ + ^C^pCl^,C^L^'^ , (B.1.24b) 

= ^AC°^Ca7iiC/3, (B.1.25a) 
Ut, = IxC^pClijC", (B.1.25b) 

= -5"'7^(ImAA)sA (i^)- + ^V,/,^A'^^7,jA''^eAB + ^C-'3c,7,,C/3^^) , (B.1.26a) 
Gj+ = -5"*V6''(ImAA)sA (i^f + ^V„./^Ai*7,,Ag6^^ + ^C,^r7^,C^^^) ^ (B.1.26b) 

>AB = -^^'^''^cdA'^^A'^^e^ceBD. (B.1.27b) 

Furthermore, from the closure of the Bianchi identities, we obtain the constraints on L^, 
L^, f^, f^* and Catc which are the geometrical object of the Hodge-Kahler manifold. This 
constraints restrict the Hodge-Kahler manifold to be a special Kahler manifold. We will 
discuss this at the end of the next section. 

B.2 Gauged case 

Let us consider the modifications to the previous results when the theory is gauged. The 
discussion in this section is parallel to that in the previous section. In this case, we have to 
redefine the curvature (|B.l.la|) - (|B.1.3b|) according to the discussions in the section 3.2. In 
particular, for the scalar fields z", z° and 6", we replace as follows: 

dz" Vz" = dz" + gA^kliz), (B.2. la) 

dz"* Vz"* = dz"* + gA^kf (z), (B.2.1b) 
^ V6" = dV" + gA^kl{h). (B.2.1c) 
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Ea. (|B.2.1c|) implies that the gauged quaternionic vielbein U^" is given by 

U^" = Z^^°V6" A Vh\ (B.2.2) 
We also have to replace the curvatures of the connections with thier gauged expressions: 

Rl Rl, (B.2.3a) 
K ^ k, (B.2.3b) 
^ (B.2.3c) 

R/^R/^'-{c7.)/n^. (B.2.3d) 

where R'^, K, and i?/ are given in (jSTSI), (I3.2.11I) . and H3.2.12I) . Furthermore, 

we have to replace dA^ in HB.1.2e|) with the complete gauge curvature (|3.2.6|) : 

dA^ -^F^ = dA^ + ^ghr^^ A .4^. (B.2.4) 

For completeness, let us collect the curvatures of all the sectors. The curvatures in 
gravitational sector are 

(B.2.5a) 
(B.2.5b) 

(B.2.5c) 
(B.2.5d) 

The curvatures and covariant derivatives in the vector multiplet sector are 

Vz" = dz" + gA^kl{z), (B.2.6a) 
Vz"* = dz"' + gA^kf (z) (B.2.6b) 

VA"^ = dX"^ - ^^ijJ^X"^ - ^-QX"^ + t\X^^ + c2;^bA"^, (B.2.6c) 





= Ve' - 


- zip A A Jiip^, 




PA = VlpA 


= dip A 


- ^JijUj'^ A + 


'^^QAipA + ^A f\'^B: 


/ = Vi;^ 


= dV^ 






R'^ 


= duj'^ 







VXi EE dAi* - ^7.,^*^Ai* - ^QAi* + r%X'; + cI^IjA^*, (B.2.6d) 
F^ = F^ + L^i)A A Vfie^-^ + L^i^^ A iP^eab- (B.2.6e) 



We have used the notation in order to distinguish from = dA^ + ^gf-^^J^ A A^. 
In the hypermultiplet sector the covariant derivatives are 

U"^"" = U^'^Vb'' = U^'^idV + gA^klib)), (B.2.7a) 

VCa = dCa - \li3^'Ko. - ^QCa + A/C/3, (B.2.7b) 

VC" = dC - + \QC + A^^C''. (B.2.7C) 
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The Bianchi identities in the gauge case 

The Bianchi identities in the gauged case is the same as the ungauged case ()lj.l.5a() - HB.1.9c( ) 
except that the curvatures are replaced as (|B.2.3a|) - HB.2.3d|) . In the gravitational sector, we 
obtain the following Bianchi identities: 

VT + R'^ A Cj - i^"^ A Ypa + ip^ A 7>a = 0, (B.2.8a) 

VpA + ^^A-\K ^^A- Ra a = 0, (B.2.8b) 

+ \lijR'^ A + A - A = 0, (B.2.8c) 

VR'^ = 0. (B.2.8d) 
In the vector multiplet sector, we get 

V^z" - g{F^ - L^i>A A ipse^^ - A A il!^eAB)kl = 0, (B.2.9a) 

V^z"* - - Z^V^A A ijBe^^ -L^AiP^A i^^eAB)kf = 0, (B.2.9b) 

y'iy^A ^ 'L^.-Riiy^A + ^-kX"^ + R\\^^ - ^fl^^A"^ = 0, (B.2.9c) 

V^A^* + \l^,R''\i - \k\i + R^IX'I - '-R^A>^i = 0, (B.2.9d) 

VF^ - eAB^L^ A V'^ A + 2eABL^^^ A p^ 

- e^^VL^ A ^/^A A V'B + 2e^^L^4^A A ps = 0. (B.2.9e) 
In the hypermultiplet sector, we derive 

V^Ca + l7ijR''Ca + + ^KC^ = 0, (B.2.10a) 

V^C" + l-fijR'^C + - \kC = 0, (B.2.10b) 

VZY^° - g{F^ - L^ipA A ipBe^^ - A A eAB)kl{b)U^'' = 0. (B.2.10c) 
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The solutions of the Bianchi identities in the gauged case 

The solutions of the Bianchi identities (|B.2.8a() - HB.2.10c|) in the gauged case are written as 
follows: 

T = 0, (B.2.11) 

PA = PAlije' A + {A\if^ + ^'-^1 .7^^>B A e' 

+eAB{Tr^ + t/^)7^'V^^ Ae' + igSABVij^'' A e\ (B.2.12) 

+e^^(7;+ + U-^Wi^B /\e' + igS'^^'mj^^i^B A e\ (B.2.13) 

+^^'^^i:^A^M^%,-X^f,) 

+ie'^^'ipA A ^I^b{T+'^ + U-'^) - ieAsi'^ A i^^iT''^ + 

-gSABi^^ A 7*^^''' - gS^^'i^A A I'^i^B, (B.2.14) 





= Ft,e' A + i{ft~X''%i^'' eAB + Ai*7*V'Be^'') A e\ 


(B.2.15) 




= ViA'^^e^ + iZf + G'-"7^^'^Be^^ + (Y"^^ + 


(B.2.16) 


VAi* 


= V,A^*e* + iZff^PA + Cffl'^^^'eAB + (YXb + gWfs)^'', 


(B.2.17) 




= Z^c' + iPaX^^, 


(B.2.18) 


Vz"* 


= e +ip \a, 


(B.2.19) 



VCa = ViCae' +iU^''l'i>'^eABCa,p+9N^^A, (B.2.20) 

VC = ViCe' + iU^'^i'ilJA + gN%i)^, (B.2.21) 

jjAa ^ Z^^V + e^-^C^'^VisC/? + (B.2.22) 

where A ^' J^ , A^^ , 6j^\ Uij, G^^ and y^^^ are identical with the ungauged case 
(|B.1.22a|) - ()B.1.27b|) . The constant g is just a symbolic notation to remind that these terms 
are produced by the gauging and the new terms Sab, W^"^^ and are 

Sab = ■^{(^x)a^bc'PaL^, 

S^^ = \{a,)c''e^^VlL^, (B.2.23) 

^aAB ^ e^^klL"^ + t{a,)c''e''^Vlg^'* ft., 
Wij, = eABkfL'^ + i{a,)^eBcVlg''''ft, (B.2.24) 
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N2 = -mi^^klL"^. (B.2.25) 

The constraints following from the closure of the Bianchi identities are a set of differential 
constraints on the upper parts L^, Z^, and f^, of the symplectic sections V and Ua and 

on Cabc- 





VaL^ = 0, 


(B.2.26) 


J a 




(B.2.27) 


= 

J a* 




(B.2.28) 


Vrf. Cabc = 


ydCa*b*c* = 0, 


(B.2.29) 


^aft = 


ig""' fd-Cabc- 


(B.2.30) 



These equations are the same for that of the section 2.2. Therefore the constraints HB.2.26|) - 
(|B.2.30() restrict the Hodge-Kahler manifold which we start from to be a special Kahler 
manifold. 
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